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Micro-models, which assume that the electrode mixture particles are regularly spherical according to 

the mathematical model, have been extensively studied by computer simulation. Actually, the 

component particles are irregularly even distorted. In this paper, a continuous finite element method 

(FEM) electrical model based on resistor-network theory is proposed to investigate the impact of non-

spherical composite particles on cell performance. Electrode models with different particle 

morphology from uniform (spherical) to complex (non-spherical) are built to investigate the triple 

phase boundary (TPB) connectivity and electrode conductivity of electrode. The results of model 

simulations show that non-spherical particles like convex or needle-shaped can improve cell 

performance since the irregular particle surface provides larger contact areas between particles. The 

particle morphology has a more pronounced effect on cell performance for thin electrode but can be 

ignored when the electrode thickness is greater than 30 times the particle diameter. 
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1. INTRODUCTION 

Solid oxide fuel cell (SOFC) consists of a solid oxygen-conducting electrolyte sandwiched 

between electronically conducting anode and cathode layers [1]. It converts fuels directly to electrical 

energy efficiently. Electrochemical reaction occurs within the electrode, and most of the reactions are 

believed to take place at a reaction zone (a region in the range of several to dozens of micrometers [2]) 

near the electrolyte/electrode interface. High-efficiency electrochemical reactions provide well 

electrode performance, which is strictly depended on the amount of reaction sites that exist in the so 

called triple phase boundaries (TPB).  
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Numerous theoretical and reconstruction models have been proposed to study the micro-

structural parameters’ (i.e. the phase volume fractions Φio, particle sizes and more complex triple phase 

boundary length (TPBL)) influences on cell performance [1, 3-7]. Sunde [4] developed random-

packing method and resistor-network theory first to calculate composite SOFC electrodes conductivity 

and polarization in 2D form. With the development of numerical simulation techniques, the resistor-

network theory is extended to 3D form. Argento and Bouvard [8] gave numerical expression of the 

bond resistance 2Ri between two 3D monosized halfspheres with equal type material, as shown in Eq. 

(1). Schneider and et al. [7] studied the cell performance by using a 3D packing of mono-sized 

spherical particles and resistor-network model, in which bond resistance of two different material 

contacting particles was introduced, as show in Eq. (2). The similar models can also be found in other 

researchers' work [3, 7, 9] in the same period. Resistor-network theory and random packing method 

become the leading theory and research method. 

The bond resistance of two the same type particles can be expressed by: 
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where Ri is the bond resistance of particle i; rc and rp refer to contact radius and particle radius; 

and Ri,cyl is the electric resistance of equivalent cylinder from the center of the particle to contact point; 

k is the bulk conductivity; Ac is the contact area (Ac = πrc
2
), l refers to the distance between the contact 

boundary and the particle center, which is shown in Fig. 1(a).  

The bond resistance of two different type particles is given by: 
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where Ri and Rj are bond resistances according to Eq. (1), Rec is electrochemical resistance, and 

Kec is the polarization conductivity and 2πrc is the TPBL. 

 

     
Figure 1. Schematic view of a pair of spherical particles. (a) Depiction of the geometric information; 

(b) Schematic presentation of the novel electrical model. Intrinsic conductivity k is assigned 

and contact impedance is introduced as polarization resistances. Over-potential V is applied 

between two ends of particles. 
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Despite a great progress has been made in the composite electrode model, the basic 

assumptions remain that all component particles should be spheres [6]. Actually, many researches in 

recently years show that particle morphology affects the total length of TPB and its connectivity.[10-

14, 25-31]. Zhang and Gokhale [10] concluded that non-spherical convex-shaped particle morphology 

would reduce the corresponding percolation threshold and increase topological connectivity TPB. This 

implies that the spherical particle morphology has underestimated the TPB connectivity, and also has 

underestimated cell performance. Therefore, it would be very meaningful to find out the cell 

performance changes caused by particle morphology alteration. However, it is much difficult to control 

particle morphology by processing, and the resistor-network theory is inapplicable when particle is 

non- spherical, a new model should be proposed. 

In this paper, a finite element model based on voronoi diagram [15, 16] is generated for the 

purpose of investigating particle morphology impact on cell performance: (i) voronoi diagram based 

on Matlab procedure is used for geometry construction, in which different particle shapes (i.e. convex 

or pancake) can be controlled by the control factor of shape (Fs: a factor  used to change particle shape 

in voronoi diagram; the larger Fs is, the more disorderly particle arrangement is); (ii) specific electrical 

model is generated to evaluate bond resistance between irregular convex particles. Resistance network 

theory and random packing method are adopted. However, unlike most of researches, contact 

boundary length is variously determined by each contacting particle boundary; (iii) TPB connectivity, 

electrode total conductivity Ktotal and their relationships with particle morphology are discussed. At the 

same time, influence of composition and electrode thickness are considered. 

 

 

 

2. MODEL FORMULATION 

2.1 A novel electrical model for finite element method (FEM) 

Bond resistance expressions Ri of spherical particles according to Eq. (1) - Eq. (2) are rewritten 

for the purpose of evaluating bond resistance between two contacting convex particles. The resistance 

of the electrode are divided into two parts: the intrinsic ohmic resistances of the solid particles and 

polarization resistances between particles (expressed as contact impedance), as described in Fig. 1(b).  

Contact boundary length (Lc) was introduced for calculation of bond resistance between two contact 

convex particles, as described by Fig. 2.  

The occurrence of Ohmic losses is because of resistance to the flow of ions in the electrolyte 

and resistance to flow of electrons through the electrode materials [17]. Because the charge flow in the 

electrode obeys Ohm's law, the ohmic resistances can be expressed as Eq. (3):  

Ohm's law: 
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where k is the electrical conductivity and Je is an externally generated current density. While 

the contact impendence electrical govern equations are shown as Eq. (4): 
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Contact impedance:  
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where σ is the contact conductance, and ds is the contact layer thickness (unit for 

simplification). The indices 1 and 2 refer to the two sides of the boundary.  

The contact conductance σ was calculated by referring to Sunde’s research [4], as shown in Eq. 

(5) and Eq. (6), which is used to evaluate neck conductance between two contacting spheres: 

a bond between two particles of the same material: 

ciicitpbiij Lkrklk   21                                  (5) 

whereas for two dissimilar particles, 

     1111
222


 peledeled                             (6) 

Here, ki is the bulk conductivity of the electrode or electrolyte material, ltpb (ltpb = 2πrc = πLc) is 

the circumference of the particle contact. For convex polygon, we assume ltpb as circumference of a 

circle whose diameter is Lc. σed is an electrode bond-conductance according to Eq. (5). σel is an 

electrolyte bond-conductance according to Eq. (5). σp is a polarization conductance.        

                                                                                                                                     

 
  

Figure 2. Schematic view of non-spherical particles. (a) Depiction of the geometric information; (b) 

Electrical model of a pair of non-spherical particles; (c) Schematic diagram showing electrical 

continuous model of a non-spherical particle packing. Intrinsic conductivity ki (i =1,2) is 

assigned according to its material property. Contact impedance between particles (the same 

type: CI1-1 and different type CI1-2) are calculated from Eq. (4). Over-potential V is applied 

between two sides of particles which are adjacent to current collector or electrolyte. 

 

The electrical model separates the bond resistance into two parts: intrinsic material resistance 

and contact polarization resistance. Intrinsic material resistance can reflect bond resistance changes 

that caused by volume alteration, and contact polarization will change with the boundary condition 

when particle morphology varies. By employing the novel electrical model into the whole particle 
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packing, composite electrode becomes one continuous electrical network which would be discussed in 

section 2.3.  

 

2.2 Cluster  

The cluster model of a typical SOFC resistance-network consisted of 6 particles (can be seen in 

Fig.3). Fig. 3(a) shows a disperse resistor-network model according to [6] where the cluster is 

dispersed into individual resistors. Fig. 3(b) and (c) show the continuous electrical model where 

contact impedance connected these particles as one continuous electrical network. Bond resistances of 

each contacting particles were calculated according to the model introduced above. With a given 

electrode over-potential V, total resistance of the cluster can be expressed as: 
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where U is the electrode over-potential (V), Ji is the average current density of particle i and S 

is the sectional area of particle i that connected to Current Collector or Electrolyte. By adding all 

currents of the spheres that form the current collector or the electrolyte, the total current (Itotal) entering 

or leaving the network is then obtained. 

At the same time, the cluster total resistance Rtotal was also calculated by using resistor-network 

model which was solved according to Kirchhoff’s current law. Comparison of results of the two 

models was carried out for the purpose of verification, which would be discussed in the following 

sections.  

  

 
 

Figure 3. Schematic diagram: (a) disperse resistor-network model; (b) continuous electrical model for 

spherical particles; (c) continuous electrical model for non-spherical particles. 

 

2.3 Bulk 

Fig. 4 illustrates the situation for a 2D structure of a SOFC anode. Aquamarine-colored 

polygons represent Ni particles, and yttria-stabilzied zirconia (YSZ) particles are represented by the 

yellow-colored regions. What’s more, gray-colored particles are pores and the red line is marked as the 
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active TPB reaction sites. This geometric model was based on voronoi tessellation which could be 

obtained by calling the voronoi generation function in Matlab. The tessellation can be controlled by 

seeds of every convex polygon [16] and a Monte Carlo approach has been adopted to generate 

microstructure of composite electrodes by packing three types of particles (ionic conducting electrolyte 

material, electronic conducting electrocatalyst material and pore) into a fixed field. For model 

simplification, percolation effect was not considered when calculating the electrode conductivity and 

the entire electrode particles are supposed to be activated. Actually there are some researchers [7, 11, 

18-20] find that it is not necessary to distinguish the active from inactive TPB components if the 

composite percolates well. It has been observed experimentally by Holzera and et al. [11], the study 

shows that the percolation of three compositions is nearly 100% in an electrode where the pore volume 

is 20% and the nickel volume is 25%. In addition, according to the research of Kenney and et al [21] 

when porosities are larger than 25%, over 99% of pores belong to percolating network.  

 

 
 

Figure 4. Configuration of a voronoi based composite anode model. Aquamarine-colored polygons 

represent Ni particles; yellow-colored polygons represent YSZ particles and gray-colored 

particles are pores. 

 

Then it should be emphasized that, both the length of TPB (TPBL) and composite conductivity 

(K) in this study refer to the total electrode. 

Total length of TPB per unit volume was measured according to the equation (8) [10, 22]: 

A

TPB
TPBL L

V 2                                             (8)
 

where TPBL is the length of TPB (length of the red line in Fig. 4) in the bulk area A. 

The electrode conductivity of the electrode is given by Ohm’s law. By taking into account the 

geometry of the electrode, conductivity is normalized to electrode area, which yields the total electrode 

conductivity [7]: 
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AU

I
Ktotal

1
                                                 (9)        

where I is the total current, U is the total over-potential (chosen as U = 1 (v)) and A is the 

surface area of the electrode. 

Models with different particle morphology (from circle to polygon) have been generated (Fig. 

5). Here, particle roundness (R) is utilized to characterize particle morphology. Roundness is the 

measure indicating how closely the shape of an object approaches that of a circle, so roundness of 

circle is 1 (Rc = 1) while others are larger (R > 1). The roundness calculated by Image-Pro
®
 Plus 6.0 

(IPP) is capable of differentiating varieties of particle shapes [23]. Fig. 6 shows roundness distributions 

of the particles measured by IPP. As we increase the value of Fs, the average roundness increases and 

more particles with larger roundness are mixed into the electrode bulk, making the whole particle 

arrangement more disorderly as shown in Fig.5 (a) - Fig.5 (c). 

 

 
 

Figure 5. Schematic diagram of simulation microstructure of a composite electrode with 20% porosity 

(black), 40% electrode phase (white) and 40% electrolyte phase (gray): (a) random packing of 

circle particles; (b) random packing of polygon particles when Fs = 1; (c) random packing with 

of polygon particles when Fs = 1.5; (d) Single particle morphology is also revealed, where R is 

the particle roundness that measured by Image-Pro
®
 Plus 6.0 (IPP). 

 

Table 1 shows the basic parameters used in the electrode simulations. For each electrode 

model, six instances were generated to provide sufficient sampling. A matlab procedure is used to 

convert voronoi tessellation into a finite element model, and then the model is implemented in the 

COMSOL Multiphysics (version 4.2).  
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Table 1. Parameters used in the electrode simulations. 

 
Parameters                            Symbol                      Typical value 

 

Electronic (S/cm)                     kel                           2×10
4
[4]

 
 

Ionic(S/cm)                              kio                            0.1[4] 

Porosity                                    ε                               20% 

Shape control factor                 Fs                            0.5-2 

Particle roundness(average)     R                            1-1.43 

Applied overpotential (V)         V                             1 
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Figure 6. Particle roundness distributions of electrode bulk model under different values of Fs. The 

average particle roundness increases from 1.30 to 1.43 as Fs increases, and the electrode bulk 

thickness is fixed at 20 times the particle size. 

 

 

 

3. RESULTS AND DISCUSSION 

3.1. Model validation 

Since our model is designed to evaluate electrode performance, bond resistance results must 

match quantitatively with the analytical calculations from previous literatures when particle shape is 

spherical. The conventional value of the ratio of rc /r is in the range of 0.3-0.5, which can be proved 

from previous literatures [4, 6]. Models with various rc-rp ratios were generated, and Fig. 7 (a) shows 

that the bond resistance calculated by Eq. (1) matches well with that finite element evaluated results 

from the models. It should be noted that each point in Fig. 7 represents the average of six instances of 

simulation.  
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Fig. 7 (b) shows comparison of particle cluster total resistance obtained from our model with 

that from resistance-network theory. As we can see, the results of resistance-network theory are 

matched well with our model. Although comparison between the bulk model results were not 

implemented, which were time-consuming, the preceding conclusions verified the 

reliability of our model.  

 

 
 

Figure 7. (a) Bond resistance generated from simulation (■) and calculated by Eq. (1) and Eq. (2) (●). 

For particles of the same material, material conductivity k = 1 (S/m). For particles of different 

materials, kel = 100 (S/m), kio = 1 (S/m); (b) Particle cluster total resistance generated from 

simulation (■) and calculated by resistance network theory (●). 

 

3.2 Particle morphology impact on TPB connectivity 

Composite electrode makes electrochemical reaction region extended from 

electrolyte/electrode interface into electrode, we define this region as active layer and its thickness is 

La (the thickness of active layer). The TPB connectivity can be characterized by active layer thickness 

La and TPB density (TPBL per unit volume). To study the impact of particle morphology on TPB 

connectivity, four simulations with different average particle roundness are investigated. Fig.8 

demonstrates electrode thickness normalized La and TPB density as a function of composition 

(expressed by Φio). As we can see, the active layer thickness and TPB density increase when particle 

shape is changed from circle to polygon, which verify the influence of particle morphology on the 

connectivity of TPB [10]. The maximum total TPB density maintains at about 1.1 (μm·μm
-3

). 

Schneider [7] proposed that the range of TPBL should be 1.1-1.2 (μm·μm
-3

), therefore, our results 

might be reasonable. It is also revealed in Fig. 8 that TPB density reaches the maximum when R 

(average) equals to 1.37, which shows that appropriate increase of particle roundness help improve 

TPB connectivity.  

 

3.3 Particle morphology impact on electrode conductivity 

The effect of particle morphology on electrode conductivity may be reduced to two aspects: 

total reaction sites (total TPB length) and the reaction activity. The total reaction sites determine the 
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number of electrochemical reactions taking place while the reaction activity determines how quickly 

the reactions complete. Models of different electrode composition and different normalized thickness 

are implemented. Fig 9(a) shows electrode electric potential distribution from which every particle's 

potential can be determined. As we can see from Fig. 9(b), electrode conductivity increases with the 

increasing of R and reach the maximum when R equals to 1.37, this indicates that particle morphology 

does have effects on electrode conductivity. Although there is no obvious maximum total TPB length 

incensement as discussed in section 3.2. Electrode thickness is fixed at H = 20 (normalized by particle 

diameter) when composition varies. It would be reasonable to infer that particle morphology affects the 

reaction activity. Fig. 5(d) shows the detail particle morphology of different roundness. As we can see, 

flat or needle-shaped particle is trend to form longer contact boundary which provides larger contact 

area. This makes charge transfer much easier and enhances the reaction activity. When R > 1.37, Ktotal 

generally decreases with increased R. This could because more and more small particles with short 

edges (Fig. 5(d)) generated among the composite with the increase of R. These particles hinder the 

charge transfer for their low conductivity. The smaller particles, whose boundaries are short, make 

their contact impedance much higher and consequently decrease the total electrode conductivity. 

Similar phenomenon have been uncovered in reference [24]: the electrode polarization resistance, 

decreased after redox treatment as the shape of nickel particle got thinner and complicated, then 

increased during discharge process in which nickel particle shape became round and large again.  

Fig. 9(c) shows impact of particle morphology on cell performance of different electrode 

thickness. It reveals that influence of particle morphology can almost be ignored for thicker electrode 

(H > 30). This is because the TPB connectivity of thick electrode itself is poor [10], which makes the 

impact of particle morphology be less obvious.  

 

 
 

Figure 8. TPB density and normalized active layer thickness as a function of composition (Φio) for 

models constructed under different shape control factors (Fs). The active layer thickness and 

TPB density increase when particle shape changes from circle to polygon. TPB density reaches 

a maximum when R (average) = 1.37. 
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(a) 

 
(b)                                       (c) 

 

Figure 9. Impact of particle morphology on cell performance: (a) electrode mesh and potential 

distribution in which white regions are pores excluded from electrochemical reactions; (b) 

particle morphology impact on models of different composition (fixed electrode thickness H = 

20); (c) particle morphology impact on models of different normalized thickness (fixed 

electrode composition Φio = 50% ). 

 

 

 

4. CONCLUSION  

A novel continuous electrical model based on resistor-network theory and random packing 

method has been proposed. Particle pair, particle cluster and composite electrode bulk models were 

introduced for model validation and the impact of particle morphology on cell performance is 

evaluated. By using voronoi diagram, three types of material were randomly assigned into every single 

convex polygon respectively. Contact impedance was introduced here, which connect disperse particle 

together into a continuous network. TPB density and electrode total conductivity were both correlated 

with particle morphology which characterized by roundness (R). 

Excellent agreements with other literature data were observed which proves that our new model 

was capable of investigating electrode performance. Simulations show that particle morphology affects 

the TPBL density to some extent, however, has significant influence on electrode total conductivity. 
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That's because irregular particle morphology forms a wider surface area in every single particle, these 

surfaces provide higher electrical activity that allow charge to transfer more easily. The best 

performance was obtained when R=1.37, which suggests appropriate particle morphology.  

Although our model is in a 2D form, it gives a reasonable way to generate a continuous 

electrical model of composite electrode. Instead of numerical calculation, finite element method 

(FEM) is used, which can provide more intuitive results. Of course, a 3D model will be the next step of 

the research. By extending our framework into 3D form, we can obtain more practical information 

about cell performance sensibility to particle morphology. Besides, this model will be a good choice 

for investigating electrode crack growth with its clearly distinguishable particle boundaries.       
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