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An amperometric biosensor based on the phenol–polyphenol oxidase model for transient conditions is 

discussed. The model is based on the reaction-diffusion equation containing a nonlinear term related to 

the Michaelis-Menten kinetics of the enzymatic reaction. Modified homotopy perturbation and Akbari-

Ganji methods are employed to solve the system of nonlinear differential equations. As a result, 

approximate analytical expressions for substrate and product concentrations are obtained. Closed-form 

analytic expressions for the corresponding current response, sensitivity of bioelectrode, and the 

amplification factor are also derived. A study on influence of the parameters on sensitivity has been 

presented. All derived analytical results are validated by comparing with numerical simulations. 
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1. INTRODUCTION 

 

 An enzyme electrode is a small chemical transducer that integrates an electrochemical process 

with immobilized enzyme actions [1]. The enzyme electrodes find application in electrochemical 

immunoassays [2, 3], water pollutant detection [4, 5], and monitoring biological metabolites [6]. 

Substrate recycling greatly enhances the sensitivity of enzyme electrodes. Approaches to this kind of 

amplification include regeneration of the enzyme-substrate via a chemical reaction [7, 8] and 

enzymatic reaction that speeds up converting the first enzymatic step product back to the substrate [9, 

10]. Here monitoring of co-product synthesis or co-substrate consumption induces transduction.  This 

amplification can be achieved at the enzymatic step when the product is oxidized or reduced back to 

the substrate [11-13].   
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 A theoretical study of enzyme electrodes is essential to understand the mechanism and kinetics 

of a biosensor. The insights gleaned from the theoretical models can be applied to optimize sensors, 

predict electrode response and sensors design. Desprez and Labbe [14] developed a kinetic model for 

the electroenzymatic processes involved at a PPO-rotating-disk bioelectrode that detects low catechol 

substrate concentrations. However, this model has its foundations on Bartlett and Whitaker’s glucose 

sensor [15]. The prime importance of this model is that it can determine phenolic chemicals and 

catecholamine neurotransmitters in environmental and clinical investigation [16-19]. Using molecular 

dioxygen, PPO catalyzes orthodiphenol compound oxidation to orthoquinone [14]. The steady-state 

substrates and product concentrations for the first-order reactions ([𝑆𝑖] ≤ 𝐾𝑖 ) were reported by Coche-

Guerente et al. [20]. The coupled time-independent nonlinear reaction-diffusion equations for the PPO 

system were solved analytically and numerically for all parameter values by Indira et al. [21]. 

However, a rigorous analytical expression for transient concentration and current for all parameter 

values is yet to be reported.  

In this paper, the approximate analytical expressions for the substrate and product 

concentrations has been obtained using the homotopy perturbation method (HPM) and Akbari-Ganji 

method (AGM). In addition, more compact and closed general analytical expressions for sensitivity 

and amplification factors are also presented. 

 

 

 

2. MATHEMATICAL FORMULATION OF THE PROBLEM 

Coche-Guerente et al. presented a concise discussion and derivation of the dimensionless mass 

transport equation for amperometric biosensor [20]. The steps that lead to the electrode response are: 

(i) The assumption that the diffusion coefficients of phenol substrate 𝑆1, catechol substrate 𝑆2, and o-

quinone product 𝑃2 are equal in the bulk solution due to structural similarity. (ii) Diffusions of 𝑆1, 𝑆2, 

and 𝑃2 are within the enzyme layer of thickness 𝐿 and with same diffusion coefficient 𝐷f as well as 

same partition coefficient 𝜅. (iii) The enzymatic reactions of substrates 𝑆1, 𝑆2, and the product 𝑃2 

follow Michaelis–Menten formalism in a homogeneous medium, i.e. 𝑉1 =
𝑘1[𝐸T][𝑆1]

𝐾1+[𝑆1]
 and 𝑉2 =

𝑘2[𝐸T][𝑆2]

𝐾2+[𝑆2]
, 

where 𝑉1 and 𝑉2 represent the enzymatic rate of o-quinone formation from phenol and catechol 

substrates, respectively. [𝐸T] represents the total concentration of active enzyme and 𝐾1, 𝐾2, 𝑘1 and 𝑘2 

are the kinetic parameters. The electroenzymatic process (Figure 1) is as follows [20]: 

At the solution (step C):  S1 + O2
   PPO    
→     P2 + H2O         𝑉1     (1) 

At the electrode (step E):  P2 + 2𝑒
− + 2𝐻+

       𝐾f     
→      
    𝐾0      ⃖              𝑆2       𝐸

°       (2) 

At the solution (step C’):  𝑆2 +
1

2
𝑂2

   PPO    
→    𝑃2 + H2O      𝑉2       (3) 

where 𝐸° is the standard potential of the 𝑃2/𝑆2 redox system. 
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Figure 1. Illustration of the processes taking place at the rotating disk electrode (RDE) modified by a 

polyphenol oxidase (PPO) enzymatic layer and the principle of bioelectrode operation in the 

presence of phenol substrates 𝑆1, 𝑆2, and product 𝑃2[20]. 

 

The transient system following Michaelis–Menten kinetics characterised by the substrates and 

product concentrations within the enzyme layer can be written as [20]: 
1

𝐷f

𝜕[𝑆1](𝑋,𝑇)

𝜕𝑇
=
𝜕2[𝑆1](𝑋,𝑇)

𝜕𝑋2
−

[𝑆1](𝑋,𝑇)

Λ1
2(1+(

[𝑆1](𝑋,𝑇)

𝐾1
))

       (4) 

1

𝐷f

𝜕[𝑆2](𝑋,𝑇)

𝜕𝑇
=
𝜕2[𝑆2](𝑋,𝑇)

𝜕𝑋2
−

[𝑆2](𝑋,𝑇)

Λ2
2(1+(

[𝑆2](𝑋,𝑇)

𝐾2
))

       (5) 

1

𝐷f

𝜕[𝑃2](𝑋,𝑇)

𝜕𝑇
=
𝜕2[𝑃2](𝑋,𝑇)

𝜕𝑋2
+

[𝑆1](𝑋,𝑇)

Λ1
2(1+([𝑆1](𝑋,𝑇)/𝐾1))

+
[𝑆2](𝑋,𝑇)

Λ2
2(1+([𝑆2](𝑋,𝑇)/𝐾2))

    (6) 

where [𝑆1], [𝑆2], and [𝑃2] are the concentrations of phenol substrate, catechol substrate, and o-

quinone product, respectively. 𝑋 denotes the distance from electrode surface,  Λ1
2 and Λ2

2  are the 

reaction lengths related to 𝑆1 and 𝑆2, and  

Λ1 = (
𝐷f𝐾1

𝑘1[𝐸T]
)
1/2

, Λ2 = (
𝐷f𝐾2

𝑘2[𝐸T]
)
1/2

               (7) 

in which 𝐷f is the diffusion coefficient in the enzyme layer. The other notations have the same 

meaning as mentioned in nomenclature. Λi outlines the distance over which 𝑆i can diffuse in the 

enzyme layer undergoing enzyme reaction. The initial and boundary conditions are [1, 2]: 

when T =  0, [𝑆1] = [𝑆2] = [𝑃2] = 0, and  [𝑆1](𝐿 + 𝛿, 0) = [𝑆1]∞    (8) 

when 𝑋 = 0,
𝜕[𝑆1]

𝜕𝑋
= 0, [𝑆1] + [𝑆2] = [𝑆1]∞, and   [𝑃2] = 0      (9) 

when 𝑋 = 𝐿 + 𝛿, [𝑆1] = [𝑆1]∞, [𝑆2]  = 0, and [𝑃2] = 0               (10) 

where 𝐿 is the thickness of the enzymatic layer and 𝛿 is the thickness of the diffusion 

convection layer. The current density is defined by 

𝑗f = −2𝐹 [
𝜕[𝑆2]

𝜕𝑋
]
𝑋=0

= 2𝐹 [
𝜕[𝑃2]

𝜕𝑋
]
𝑋=0

                  (11) 

The dimensionless form of the nonlinear equations (4)-(6) are given by    
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
−

𝜇1𝑢(𝑥,𝑡)

1+𝛼1𝑢(𝑥,𝑡)
                    (12) 
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𝜕𝑣(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑣(𝑥,𝑡)

𝜕𝑥2
−

𝜇2𝑣(𝑥,𝑡)

1+𝛼2𝑣(𝑥,𝑡)
                   (13) 

𝜕𝑤(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
+

𝜇1𝑢(𝑥,𝑡)

1+𝛼1𝑢(𝑥,𝑡)
+

𝜇2𝑣(𝑥,𝑡)

1+𝛼2𝑣(𝑥,𝑡)
                 (14) 

The corresponding initial and boundary conditions are 

when 𝑡 = 0, 𝑢(𝑥, 𝑡) = 𝑣(𝑥, 𝑡) = 𝑤(𝑥, 𝑡) = 0,  and 𝑢(𝑚, 0) = 1     (15) 

when 𝑥 = 0,
𝜕𝑢(𝑥,𝑡)

𝜕𝑥
= 0, 𝑢(𝑥, 𝑡) + 𝑣(𝑥, 𝑡) = 1, and  𝑤(𝑥, 𝑡) = 0                  (16) 

when 𝑥 = 𝑚, 𝑢(𝑥, 𝑡) = 1, 𝑣(𝑥, 𝑡) = 0, and 𝑤(𝑥, 𝑡) = 0      (17) 

where the dimensionless variables are 

𝑥 =
𝑋

𝐿
, 𝑡 =

𝐷f𝑇

𝐿2
, 𝑢 =

[𝑆1]

[𝑆1]∞
, 𝑣 =

[𝑆2]

[𝑆1]∞
, 𝑤 =

[𝑃2]

[𝑆1]∞
, 𝜇1 =

𝐿2

Λ1
2 , 𝜇2 =

𝐿2

Λ2
2 , 𝛼1 =

[𝑆1]∞

𝐾1
, 𝛼2 =

[𝑆1]∞

𝐾2
,   

𝑚 = 1 +
𝛿

𝐿
                          (18) 

The dimensionless current is  

𝐼 =
𝑗f

2𝐹
= −(

𝜕𝑣(𝑥,𝑡)

𝜕𝑥
)
𝑥=0
                       (19) 

where 𝐹 represents the Faraday constant. 

 

 

3. AN APPROXIMATE ANALYTICAL EXPRESSION OF TRANSIENT 

CONCENTRATIONS USING HPM 

 

In general, it is challenging to extract exact solutions for nonlinear differential equations that 

emerge as models of actual physical phenomena.  But remarkable advances have been made over the 

past three decades in finding highly accurate approximate analytical methods. The most common 

methods include, but are not limited to, Taylor series method [22, 23], variation iteration method 

(VIM) [24], the series solution technique [25], the residual method [26], Green’s function paired along 

with fixed point theory [27, 28],  hyperbolic function and Padé approximation [29], differential 

transformation method [30], Adomian decomposition method [31] and Akbari-Ganji’s method [32, 

33].  

The homotopy perturbation method (HPM) proposesd by J-H He in 1999 [34] has been one of 

the most used methods to solve nonlinear systems in diverse fields of science and engineering [35-39]. 

When we employed the HPM to solve Eqs. (12)-(17), the following approximate analytical expressions 

for the dimensionless concentrations of substrates and product were obtained (See Appendix A for 

details): 

𝑢(𝑥, 𝑡) = 𝑢0 cosh(√𝑎𝑥) −
𝜋

𝑚2
∑ [

(−1)𝑛(2𝑛+1)

(𝜆(𝑛)+a)
] cos (

(2𝑛+1)

2𝑚
𝜋𝑥) exp(−(𝜆(𝑛) + 𝑎)𝑡)∞

𝑛=0      (20) 

𝑣(𝑥, 𝑡) = (1 − 𝑢0) [

sinh(√𝑏(𝑚−𝑥))

sinh(𝑚√b)

+2𝜋∑ [
(−1)𝑛𝑛

(𝑛2𝜋2+𝑚2b)
] sin (

𝑛𝜋

𝑚
(𝑚 − 𝑥)) exp (−(

𝑛2𝜋2

𝑚2
+ 𝑏) 𝑡)∞

𝑛=0

]   (21)   

𝑤(𝑥, 𝑡) = 𝑓(𝑥, 𝑡) − 𝑢(𝑥, 𝑡) − 𝑣(𝑥, 𝑡)         (22) 

where 

𝑓(𝑥, 𝑡) = 1 +
2

𝜋
∑

(−1)𝑛

𝑛
∞
𝑛=1 exp (−

𝑛2𝜋2

𝑚2
𝑡) [sin (

𝑛𝜋

𝑚
(𝑚 − 𝑥)) + sin (

𝑛𝜋𝑥

𝑚
)]     (23) 

𝑢0 = sech(𝑚√𝑎) , 𝑎 =
𝜇1

1+𝛼1
, 𝑏 =

𝜇2

1+𝛼2(1−𝑢0) 
, 𝜆(𝑛) =

(2𝑛+1)2𝜋2

4𝑚2
                  (24) 
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The current density, from Eq. (11), is given by 

𝑗f =
2𝐹[𝑆1]∞(1−𝑢0)

𝐿
[√𝑏 coth (𝑚√b) +

2𝜋2

𝑚
∑

𝑛2 exp(−(𝜋2𝑛2+b)𝑡)

(𝜋2𝑛2+𝑚2b)
∞
𝑛=0 ]                 (25) 

and using Eq. (19), the dimensionless current at non steady-state is 

𝐼 = (1 − 𝑢0) [√𝑏 coth (𝑚√b) +
2𝜋2

𝑚
∑

𝑛2 exp(−(𝜋2𝑛2+b)𝑡)

(𝜋2𝑛2+𝑚2b)
∞
𝑛=0 ]     (26) 

 

3.1. Limiting Case: First-Order Kinetics 

Whenever the phenol substrate concentration level in the enzyme layer is significantly lower 

than the Michaelis constant 𝐾i, ([𝑆1]<< 𝐾i) or 𝛼𝑖 is very small, Eqs. (12)–(14) take on the form: 
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
− 𝜇1𝑢(𝑥, 𝑡)                      (27) 

𝜕𝑣(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑣(𝑥,𝑡)

𝜕𝑥2
− 𝜇2𝑣(𝑥, 𝑡)                      (28) 

𝜕𝑤(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
+ 𝜇1𝑣(𝑥, 𝑡) + 𝜇2𝑣(𝑥, 𝑡)                    (29) 

The exact solution to the system of Eqs. (27)–(29), subject to boundary conditions Eqs. (15)–

(17), can be readily obtained by taking 𝛼1 = 𝛼2 = 0 or 𝑎 = 𝜇1 and 𝑏 = 𝜇2 in Eqs. (20)–(23). Using 

the same conditions to Eq. (26), the corresponding first-order current can be acquired, from which the 

expression for bioelectrode sensitivity to phenol substrate and amplification factor can eventually be 

computed. 

 

 

3.2. Limiting Case: Zero-Order Kinetics 

Whenever the phenol substrate concentration level in the enzyme layer is significantly greater 

than the Michaelis constant 𝐾i, ([𝑆1] >> 𝐾i) or 𝛼𝑖 is very large, Eqs. (12)–(14) take on the form: 
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
−
𝜇1

𝛼1
                     (30) 

𝜕𝑣(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑣(𝑥,𝑡)

𝜕𝑥2
−
𝜇2

𝛼2
                       (31) 

𝜕𝑤(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
+
𝜇1

𝛼1
+
𝜇2

𝛼2
                      (32) 

The exact solution to the system of Eqs. (30)–(32), subject to boundary conditions Eqs. (15)–

(17), can be readily obtained as follows:  

 𝑢(𝑥, 𝑡) = 1 +
𝜇1(𝑋

2−𝑚2)

2𝛼1
+
16𝜇1𝑚

2

𝛼1𝜋3
∑

(−1)𝑛

(2𝑛−1)3
∞
𝑛=1 exp (−

(2𝑛−1)2𝜋2

4𝑚2
𝑡) cos (

(2𝑛−1)𝜋𝑥

2𝑚
)  (33) 

𝑣(𝑥, 𝑡) = 𝑓(𝑥, 𝑡) − 𝑢(𝑥, 𝑡) − 𝑤(𝑥, 𝑡)          (34) 

𝑤(𝑥, 𝑡) = − (
𝛼1𝜇2+𝛼2𝜇1

𝛼1𝛼2
)
2𝑚2

𝜋3
∑

(−1)𝑛

𝑛3
∞
𝑛=1 {1 − exp (−

𝑛2𝜋2

𝑚2
𝑡)} [sin (

𝑛𝜋𝑥

𝑚
) + sin (

𝑛𝜋(𝑚−𝑥)

𝑚
)](35) 

 where 𝑓(𝑥, 𝑡) is defined in Eq. (23). 

The dimensionless current is given by 

𝐼 = (
𝛼1𝜇2+𝛼2𝜇1

𝛼1𝛼2
)
2𝑚

𝜋3
∑

[1+(−1)𝑛+1]

𝑛2
{1 − exp (−

𝑛2𝜋2

𝑚2
𝑡)}∞

𝑛=1                       (36) 
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4. AN APPROXIMATE ANALYTICAL EXPRESSION OF STEADY-STATE  

CONCENTRATIONS USING AGM  

The Akbari-Ganji method (AGM), which was first put forth by M. Akbari and  D. Ganji [40], 

has been successfully applied to find analytical solutions of nonlinear systems [41]. Berkan et al. [42] 

investigated the 3D problem of condensation film on inclined rotating disk electrodes analytically 

using AGM. Derakhshan et al. [43] used AGM to discuss the process of heat and mass transfer in 

steady nanofluid flow between two parallel plates in the existence of a uniform magnetic field. Mary et 

al. [44] employed the AGM to solve a nonlinear reaction-diffusion equation in an immobilized 

enzymes system. 

In this paper, AGM is applied to determine the approximate analytical solution of steady-state 

nonlinear equations. Using this method, the derived steady-state concentrations of substrates and 

product are, respectively, given by (see Appendix C).  

𝑢𝑠𝑠(𝑥) = 𝑢0 cosh(√𝑎𝑥)                      (37) 

𝑣𝑠𝑠(𝑥) =
(1−𝑢0) sinh(√𝑏(𝑚−𝑥))

sinh(𝑚√𝑏)
            (38) 

𝑤𝑠𝑠(𝑥) = 1 − 𝑢0 cosh(√𝑎𝑥) −
(1−𝑢0) sinh(√𝑏(𝑚−𝑥))

sinh(𝑚√𝑏)
        (39) 

Interestingly, as 𝑡 → ∞, the analytical expressions obtained  in Eqs. (20)–(22) by HPM are 

reduced exactly to the Eqs. (37)–(39).  

Now form Eq. (11), the current density takes on the form  

𝐽f =
2𝐹[𝑆1]∞

𝐿
 √𝑏(1 − 𝑢0) coth(𝑚√𝑏)          (40) 

and the dimensionless current at steady-state is  

𝐼ss = √𝑏(1 − 𝑢0) coth(𝑚√𝑏)          (41) 

Moreover, the sensitivity 𝑆𝑝ℎ of the bioelectrode toward phenol substrate [20] is given by 

𝑆𝑝ℎ = −
𝐽𝑓

[𝑆1]∞
= −

2𝐹

𝐿
 √𝑏(1 − 𝑢0) coth(𝑚√𝑏)                    (42) 

and the amplification factor can be obtained as follows: 

AF = 𝑚√𝑏 coth(𝑚√𝑏)                      (43) 

 

 

 

5. RESULTS AND DISCUSSION 

Equations (20)–(22) are the derived analytical expressions for the concentrations of phenol 

substrate 𝑢, catechol substrate 𝑣, and o-quinone product 𝑤 assuming transient conditions, while Eqs. 

(37)–(39) are the new simple analytical expressions of concentrations for the steady-state case. 

 

5.1. Validation of Analytical Results 

The derived results are found to agree substantially with the numerical results generated by 

MATLAB simulations. For example, Figure 2 (non-steady-state) and Table 1 (steady-state) show that 
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the derived analytical results are very close to the numerical results representing the concentrations of 

phenol substrate, catechol substrate, and o-quinone product. Table 2 shows a satisfactory agreement 

between the approximate analytical substrates and product concentrations with the exact limiting case 

results (first-order kinetics). 

 

 

 
 

Figure 2. Comparison between analytical (solid lines) and numerical (dotted lines) results.  

 

The analytical curves represent the concentration of phenol substrate 𝑢 (Eq. (20)), catechol 

substrate 𝑣 (Eq. (21)), and o-quinone product 𝑤 (Eq. (22)). The parameters used are 𝜇1 = 50, 𝛼1 =

0.1, 𝜇2 = 100,  𝛼2 = 0.1, 𝑚 = 1, and 𝑡 = 10, as in ref. [21]. 

Figure 2 shows the normalized concentration profile of substrates and product. It shows that the 

concentration of catechol substrate is increasing, the concentration of phenol substrate is decreasing 

function from the interface of the solution to the electrode. At the same time, the o-quinone product 

curves attain a maximum value at 𝑥 = 0.4357, halfway from the electrode surface. 

 

 

 
 

Figure 3. Plot of the dimensionless concentrations of (𝑎) phenol substrate (𝑏) catechol substrate (𝑐) o-

quinone product at steady-state. The parameters used are 𝜇1 = 50,  𝛼1 =  0.1,  𝜇2 = 100,  𝛼2 =
0.1,  and 𝑚 = 1. 
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The accuracy of the proposed analytical AGM approximations is portrayed in Figure 3, where 

the approximate analytical expressions show strong agreement with the numerical results obtained 

through fourth-order Runge-Kutta method. 

 

5.2. Influence of Various Parameters on Current and Sensitivity 

The accuracy of the proposed analytical AGM approximations is portrayed in Figure 3, where 

the approximate analytical concentrations of phenol substrate (𝑢), catechol substrate (𝑣), and o-

quinone product (𝑤) show strong agreement with the numerical results obtained by the numerical 

fourth-order Runge-Kutta method.  

 

 

Table 1. Comparison of analytical results of concentration of phenol substrate 𝑢, catechol substrate 𝑣 

and o-quinone product 𝑤 for steady-state with numerical results (Num.) for the values 𝜇1 =
50, 𝜇2 = 100, 𝛼1 = 0.01, 𝛼2 =  0.1,𝑚 = 1 [21]. 

 

𝒙 

Concentration of 

phenol substrate 𝒖 

Concentration of 

catechol substrate 𝒗 

Concentration of 

o-quinone product 𝒘 

Num. 

 

Analytic 

Eq. (37) 

Num. 

 

Analytic 

Eq. (38) 

Num. 

 

Analytic 

Eq. (39) 

0 0.0017 0.0018 0.9983 0.9982 0 0 

0.2 0.0037 0.0038 0.1390 0.1483 0.8573 0.8479 

0.4 0.0145 0.0147 0.0189 0.0220 0.9666 0.9633 

0.6 0.0593 0.0600 0.0026 0.0033 0.9381 0.9368 

0.8 0.2437 0.2448 0.0003 0.0005 0.7560 0.7547 

1 1 1 0 0 0 0 

 

 

Table 2. Comparison between approximate analytical results and exact results for the limiting case for 

the dimensionless concentration of phenol substrate, catechol substrate, and o-quinone product 

given the parameters 𝜇1 = 50, 𝛼1 = 0.1,𝑚 = 1,  𝜇2 = 100,  𝛼2 = 0.1  and  𝑡 = 10. 

 

𝒙 

Concentration of 

phenol substrate (𝒖) 
Concentration of 

catechol substrate (𝒗) 
Concentration of 

o-quinone product (𝒘) 
Analytic 

Eq. (20) 

Limiting 

case 

Analytic 

 Eq. (21) 

Limiting 

case 

Analytic 

 Eq. (22) 

Limiting 

case 

0 0.0024 0.0017 0.9976 0.9983 0 0 

0.2 0.0049 0.0037 0.1482 0.1351 0.8469 0.8612 

0.4 0.0176 0.0144 0.022 0.0183 0.9604 0.9673 

0.6 0.0674 0.0591 0.0033 0.0025 0.9293 0.9384 

0.8 0.2597 0.2431 0.0005 0.0003 0.7398 0.7566 

1 1 1 0 0 0 0 
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Figure 4. Graph of dimensionless current vs. (𝑎) the dimensionless time for different values of 𝛼1 (𝑏) 

the dimensionless distance 𝑥 for different values of 𝑚. 

 

 

Table 3. Computed dimensionless transient current (𝐼) for various values of the  dimensionless 

parameters 𝑡 and 𝛼2 for the fixed parameters values 𝜇1 = 50, 𝛼1 = 0.1, 𝜇2 = 100, and 𝑚 = 1. 

 

 Dimensionless Current 𝑰 
𝜶𝟐 𝒕 = 𝟏𝟎−𝟑 𝒕 = 𝟏𝟎−𝟐 𝒕 = 𝟏𝟎−𝟏 𝒕 = 𝟏𝟎𝟎 𝒕 = 𝟏𝟎𝟏 𝒕 = 𝟏𝟎𝟐 

0.01 19.5329 10.4362 9.9270 9.9270 9.9270 9.9270 

0.1 19.3935 10.092 9.5131 9.5131 9.5131 9.5131 

1 18.6828 8.2327 7.0595 7.0586 7.0586 7.0586 

10 17.9610 6.1337 3.1938 3.0257 3.0257 3.0257 

100 17.8168 5.6843 1.9538 1.3077 1.3077 1.3077 

1000 17.8009 5.6342 1.7979 1.0308 1.0307 1.0307 

10000 17.7993 5.6291 1.7819 1.0011 1.0010 1.0010 

 

 

 
 

Figure 5. Plot of sensitivity (𝑆ph) for the parameters given in Table 4 (𝑎) against 𝐿 for various 

experimental values of parameter [𝑆1]∞ (𝑏) against 𝜔 for various values of parameter L. 
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Table 4. Values of the parameters used in Figure 5. 

 

Parameter Figure 5(a) Figure 5(b) 

𝐾1 100 mol cm−3 2.8 × 10−7mol cm−3 

𝐾2 100 mol cm−3 2.5 × 10−7mol cm−3 

𝛬1 10 cm 1.19 × 10−7cm 

𝛬2 10 cm 1.07 × 10−7cm 

𝐷𝑒 1.5 × 10−6 cm2 s-1 2.2 × 10−5 cm2 s-1 

𝜈 0.01 cm2 s-1 0.01 cm2 s-1 

[S1]∞ - 1 mol cm-3 

𝜔 20 rpm - 

 

 

The fact that the bioelectrode is highly sensitive to smaller bulk concentrations of phenol 

substrate is confirmed in Figure 5(a). It is also interesting to note that the sensitivity curves become 

linear as the enzymatic layer thickness increases. The stable value of 𝑆ph, thus, reaches 
2𝐹

𝛬2√1+𝛼2
. 

Sensitivity to minimal bulk concentrations of phenol substrate makes it critical to keep track of the 

system’s sensitivity for the first-order kinetics, as seen in Figure 5(b). It is observed in Figure 5(b) that 

phenol sensitivity reaches high value for slow rotations of the bioelectrode. In general, thick enzymatic 

layer contributes to good phenol sensitivity.   

 

 

 
 

Figure 6. Plot of amplification factor against the dimensionless parameter (√𝜇2) for various values of 

𝑚. The solid line is the derived result in Eq. (36), which is shown to coincide with the dotted 

curve representing Eq. (43) in [21]. 

 

 

As shown in Figure 6, the amplification factor rises with higher enzyme activity √𝜇2. Since the 

parameter 𝑚 is influenced by the ratio 𝛿/𝐿, then bioelectrodes with higher 𝑚 values or thicker 
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convection-diffusion layer 𝛿 are more amplified. It can further be inferred from 𝛿 =
1.61 √𝐷𝑒

3  √𝑣
6

√𝜔 
 [20] 

that lower rotation rates spike the amplification factor. 

 

5.3. Differential Sensitive Analysis of Parameters 

The partial derivative of the current with respect to a parameter determines the effect of that 

parameter on the current [45]. Figure 7 shows that the percentages of change in current with respect to 

Λ2, [𝑆1]∞, 𝐾1, 𝐿, 𝛿, 𝐾2, Λ1 are 38%, 19%, 18%, 11%, 7%, 6% and 1%, respectively. Therefore, the 

reaction lengths related to 𝑆2, that is Λ2 has the highest influence on the current, while Λ1 has least 

influence on the current. 

 

 
 

Figure 7. Influence of various parameters on steady-state current. 

 

 

 

6. CONCLUSION 

This paper presented two closed-form analytical solutions for the coupled transient nonlinear 

reaction-diffusion equations, modeling amperometric biosensor's transient responses. Approximate 

analytical expressions for the transient and stationary concentration of phenol, catechol substrate, and 

o-quinone product have been derived. These derived approximate analytic results concurred with 

MATLAB-generated numerical results. In addition, a study on the effects of the governing system's 

parameters on the current, sensitivity, and amplification factor has been presented. The results of this 

study can be utilized to determine the biosensor's kinetic characteristics. Moreover, the simplicity and 

reliability of the proposed approaches, as well as their accessibility, would make them usable for 

determining the approximate amounts of substrate and product concentrations and current for 

reciprocal competitive inhibition. 
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APPENDIX A. OBTAINING THE APPROXIMATE ANALYTICAL SOLUTION OF EQ. (12) 

USING HPM 

The homotopy for Eq. (12) is constructed as follows [34]: 

(1 − 𝑝) [
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
−
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
+

𝜇1𝑢(𝑥,𝑡)

1+𝛼1𝑢(𝑚,0)
] + 𝑝 [

𝜕𝑢(𝑥,𝑡)

𝜕𝑡
−
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
+

𝜇1𝑢(𝑥,𝑡)

1+𝛼1𝑢(𝑥,𝑡)
] = 0,           (A.1) 

and by applying the initial condition in Eq. (14) we get, 

(1 − 𝑝) [
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
−
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
+
𝜇1𝑢(𝑥,𝑡)

1+𝛼1
] + 𝑝 [

𝜕𝑢(𝑥,𝑡)

𝜕𝑡
−
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
+

𝜇1𝑢(𝑥,𝑡)

1+𝛼1𝑢(𝑥,𝑡)
] = 0.                (A.2) 

We search for an approximate solution of Eq. (A.2) of the form 

𝑢(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑝𝑢1(𝑥, 𝑡) + 𝑝
2𝑢2(𝑥, 𝑡) + ⋯.                           (A.3) 

Substituting Eq. (A.4) into Eq. (A.2) and equating the coefficients of zeroth power of 𝑝 gives: 

 
𝜕𝑢0(𝑥,𝑡)

𝜕𝑡
−
𝜕2𝑢0(𝑥,𝑡)

𝜕𝑥2
+ 𝐴𝑢0(𝑥, 𝑡) = 0,                                      (A.4) 

where =
𝜇1

1+𝛼1
 , and subject to the initial and boundary conditions given in Eq. (14). In Laplace plane, 

we express Eq. (A.4) in the form 

𝑑2𝑢0̅̅̅̅ (𝑥,𝑠)

𝑑𝑥2
− (𝑠 + 𝐴)𝑢0̅̅ ̅(𝑥, 𝑠) = 0,                           (A.5) 

with boundary conditions 

At 𝑥 = 0,
𝜕𝑢0̅̅̅̅ (𝑥,𝑠)

𝜕𝑥
= 0, At 𝑥 = 𝑚, 𝑢0̅̅ ̅(𝑥, 𝑠) =

1

𝑠
,               (A.6) 

where 𝑢0̅̅ ̅(𝑥, 𝑠) represents the Laplace transformation of 𝑢0(𝑥, 𝑡). The solution of system (A.5)–(A.6) is 

given by  

𝑢0̅̅ ̅(𝑥, 𝑠) =
cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
.                          (A. 7) 

To deduce 𝑢0(𝑥, 𝑡), we use the following complex inversion formula 

𝑢0(𝑥, 𝑡) =
1

2𝜋𝑖
∫ 𝑒𝑠𝑇 𝑢0̅̅ ̅(𝑥, 𝑠)𝑑𝑠
𝛾+𝑖∞

𝛾−𝑖∞
.                     (A.8) 

To proceed, we need to determine the residue of 𝑢0̅̅ ̅(𝑥, 𝑠), that is  

Res [
cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
].                          (A.9) 
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At 𝑠 = 0, we obtain a simple pole and the solution of cosh (𝑚√𝑠 + 𝐴) = 0 generates infinitely many 

poles given by  𝑠𝑛 = −
(2𝑛+1)2𝜋2

4𝑚2
− 𝐴, where 𝑛 = 0, 1, 2,⋯. Hence  

Res [
cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
] = [

cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
]
𝑠=0
+ Res [

cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
]
𝑠=𝑠𝑛

.             (A.10) 

The residue at 𝑠 = 0 is given by 

Res [
cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
]
𝑠=0

= 𝑙𝑖𝑚
𝑠→0
[
(𝑠−0)𝑒𝑠𝑡 cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
] =

cosh(√𝐴𝑥)

cosh(𝑚√𝐴)
,                  (A.11) 

 and the residue at 𝑠 = 𝑠𝑛 is given by 

Res [
cosh(√𝑠+𝐴𝑥)

𝑠 cosh(𝑚√𝑠+𝐴)
]
𝑠=𝑠𝑛

= lim
𝑠→𝑠𝑛

[
𝑒𝑠𝑡

𝑠

cosh(√𝑠+𝐴𝑥)
𝑑

𝑑𝑠
cosh(𝑚√𝑠+𝐴)

]  

                                     = −
𝜋

𝑚
∑

(2𝑛+1)𝑒
−(
(2𝑛+1)2𝜋2

4𝑚2
+𝐴)𝑡

cos(
(2𝑛+1)𝜋𝑥

2𝑚
)

[
(2𝑛+1)2𝜋2

4𝑚2
+𝐴] sin(

(2𝑛+1)𝜋

2𝑚
)

∞
𝑛=0  .            (A.12) 

From Eqs. (A.8)–(A.11), we get the concentration of substrate 𝑢(𝑥, 𝑡) ≈ 𝑢0(𝑥, 𝑡), which is the result 

given by Eq. (20) in the text. Similarly, we can derive Eq. (13). 

 

 

APPENDIX B. RELATIONSHIP BETWEEN 𝑢(𝑥, 𝑡) , 𝑣(𝑥, 𝑡) AND 𝑤(𝑥, 𝑡) 

 

Introduce a function 𝑓(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑣(𝑥, 𝑡) + 𝑤(𝑥, 𝑡), so that Eqs. (12)–(14) satisfy 

𝜕𝑓(𝑥,𝑡)

𝜕𝑡
=
𝜕2𝑓(𝑥,𝑡)

𝜕𝑥2
,                      (B.1) 

subject to the initial and boundary conditions given by  

𝑓(𝑥, 0) = 0, 𝑓(0, 𝑡) = 1,  and  𝑓(𝑚, 𝑡) = 1.                                                                      (B.2) 

Equations (B.1) and (B.2) take the following form in the Laplace plane:  

𝑑2�̅�(𝑥,𝑠)

𝑑𝑥2
− 𝑠𝑓(̅𝑥, 𝑠) = 0                              (B.3) 

𝑓(̅0, 𝑠) = 𝑓(̅𝑚, 𝑠) =
1

𝑠
.                                                                          (B.4) 

The solution of system (B.3)-(B.4) is 

𝑓(̅𝑥, 𝑠) =
sinh(√𝑠(𝑚−𝑥))

𝑠 sinh (𝑚√𝑠)
+

sinh(√𝑠𝑥)

𝑠 sinh (𝑚√𝑠)
.                    (B.5) 

When we take the inverse Laplace transform to Eq. (B.5), we get  

𝑓(𝑥, 𝑡) = 1 +
2

𝜋
∑

(−1)𝑛

𝑛
∞
𝑛=1 exp (−

𝑛2𝜋2

𝑚2
𝑡) [sin (

𝑛𝜋

𝑚
(𝑚 − 𝑥)) + sin (

𝑛𝜋𝑥

𝑚
)]             (B.6) 
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APPENDIX C. OBTAINING THE APPROXIMATE ANALYTICAL SOLUTION ((12)-(14)) USING 

AGM 

 

The dimensionless form of the nonlinear differential equations (12)–(14) for Michaelis–Menten 

formalism at steady-state is as follows: 

𝑑2𝑢(𝑥)

𝑑𝑥2
−

𝜇1𝑢(𝑥)

1+𝛼1𝑢(𝑥)
= 0,                    (C.1) 

𝑑2𝑣(𝑥)

𝑑𝑥2
−

𝜇2𝑣(𝑥)

1+𝛼2𝑣(𝑥)
= 0,                    (C.2) 

𝑑2𝑤(𝑥)

𝑑𝑥2
+

𝜇1𝑢(𝑥)

1+𝛼1𝑢(𝑥)
+

𝜇2𝑣(𝑥)

1+𝛼2𝑣(𝑥)
= 0,                  (C.3) 

and the corresponding boundary conditions are 

for 𝑥 = 0:  
𝑑𝑢(𝑥)

𝑑𝑥
= 0, 𝑢(𝑥) + 𝑣(𝑥) = 1, and  𝑤(𝑥) = 0,                (C.4) 

for 𝑥 = 𝑚, 𝑢(𝑥) = 1, 𝑣(𝑥) = 0, and 𝑤(𝑥) = 0.                 (C.5) 

The approximate analytical solutions for Eqs. (C.1) and (C.2) is assumed to be in the form: 

𝑢(𝑥) = 𝐴1 cosh(𝑙𝑥)  +  𝐵1 sinh(𝑙𝑥),                  (C.6) 

𝑣(𝑥) = 𝐴2 cosh(𝑛𝑥) + 𝐵2 sinh(𝑛𝑥).                  (C.7) 

Using the boundary conditions (C.4) and (C.5), we obtain the following values: 

𝐴1 = 𝑢0, 𝐵1 = 0,  𝐴2 =  1 − 𝑢0, 𝐵 2  = coth(𝑚𝑛)(𝑢0 − 1), 𝑢0 = sech (𝑚𝑙)                (C.8) 

Substituting these values into (C.6) and (C.7) and then into Eqs. (C.1) & (C.2), we get 

𝑙2 cosh(𝑙𝑥)

cosh(𝑚𝑥)
−

𝜇1 cosh(𝑙𝑥)

𝛼1 cosh(𝑙𝑥)+ cosh(𝑚𝑥)
= 0,                  (C.9) 

𝐴2𝑛
2 cosh(𝑛𝑥) + 𝐵2𝑛

2 sinh(𝑛𝑥) −
𝜇2(𝐴2 cosh(𝑛𝑥)+𝐵2 sinh(𝑛𝑥))

𝛼2(𝐴2 cosh(𝑛𝑥)+𝐵2 sinh(𝑛𝑥))+1
= 0.            (C.10) 

By substituting 𝑥 = 𝑚 into Eq. (C.9) and 𝑥 = 0 in Eq. (C.10), we have 

𝑙 = √
𝜇1

1+𝛼1
, 𝑛 = √

𝜇2

1+𝛼2−𝛼2 sech(𝑚𝑙)
.                  (C.11) 

Adding Eqs. (C.1)–(C.3), we get  

𝑑2[𝑢(𝑥)+𝑣(𝑥)+𝑤(𝑥)]

𝑑𝑥2
= 0,                  (C.12) 

subject to the boundary condition  

when 𝑥 = 0, 𝑢(𝑥) + 𝑣(𝑥) + 𝑤(𝑥) = 1,                (C.13) 

when 𝑥 = 𝑚, 𝑢(𝑥) + 𝑣(𝑥) + 𝑤(𝑥) = 1.               (C.14) 

By letting  𝑢(𝑥) + 𝑣(𝑥) + 𝑤(𝑥) = 𝑓(𝑥), Eq. (C.13) becomes 

𝑑2𝑓(𝑥)

𝑑𝑥2
= 0,                    (C.15) 

for which the boundary conditions are reduced to  
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𝑓(0) = 1  and 𝑓(𝑚) = 1.                                                             (C.16) 

The solution of Eqs. (C.15)–(C.16) is clearly 𝑓(𝑥) = 1, and hence         

 𝑤(𝑥) = 1 − 𝑢(𝑥) − 𝑣(𝑥).                                   (C.17) 
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