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A mathematical model describing the transport and kinetics of substrate and redox mediator in surface
deposited films of finite thickness is described. These bio-catalytically active chemically modified
electrodes comprise redox enzymes immobilized in a highly dispersed mesh of single walled carbon
nanotubes (SWNT) which are in turn immobilized on a support metal surface. A small molecule redox
mediator is used to both regenerate the reduced enzyme and to transfer electrons either to the carbon
nanotube surface or to the underlying support electrode surface thereby generating a current which can
be measured. The pertinent transport and kinetic differential equations of both substrate and redox
mediator are formulated along with suitable boundary conditions and are solved analytically to derive
suitable approximate analytical expressions for the current response expected for the system under
steady state batch amperometric conditions. The kinetics of substrate and mediator within the nanotube
layer are summarized in terms of a kinetic case diagram.
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1. INTRODUCTION

In a recent feature article Li, Wang and Chen [1] described nano-bioelectrochemistry as a new
interdisciplinary field which provides scope for much exciting development, innovation and new
discovery over the next few years. This emerging field combines interfacial electrochemistry,
biochemistry and biocatalysis and nanoscience and has as a central aim the full understanding and use
of biological electron transfer processes in well defined nanostructured environments which can be
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used as platforms for emerging biosensor and bioelectronic applications and devices. This area has
been recently reviewed by a number of authors [2-11]. In a recent review by Willner and Katz [6] it
was stated that ‘integration of redox enzymes with an electrode support and formation of an electrical
contact between the biocatalyst and the electrode is the fundamental object of bioelectronics and
optobioelectronics’. More generally the nanoscale will define the region where the physical and
engineering science of the 21* century will be pursued, elaborated and utilized [12-15]. Since their
discovery by lijima [16] in 1993, carbon nanotubes (both multiwalled and single walled, designated
MWNT and SWNT respectively) have attracted enormous international interest because of their
perceived unique structural, mechanical and electronic properties [17-22]. In addition the redox and
catalytic properties of electrodes modified with both MWNT and SWNT have recently been examined
[23-36]. These types of nano-heterogeneous systems have been typical exemplifiers of chemically
modified electrodes which have been extensively studied for over 30 years [37-43].

A key concept associated with chemically modified electrodes is that of redox mediation. In
this process surface immobilized sites may be activated electrochemically via application of a potential
to the support electrode. The latter sites may then oxidize or reduce other redox agents located in the
solution phase adjacent to the immobilized layer, for which the direct oxidation or reduction at the
electrode surface is inhibited, either because of intrinsically slow heterogeneous electron transfer
kinetics, or because close approach of the soluble redox species to the electrode is prevented. The idea
is presented schematically in figure 1 where the processes of direct unmediated electron transfer and
mediated electron transfer at an electrode are compared.

Direct electron transfer Mediated electron transfer

Figure 1. Schematic representation of direct and mediated electron transfer at the electrode/solution
interface.

Of course the attractive feature of chemically modified electrodes lies in the fact that the
deposited chemical microstructure or bio-recognition element can be the subject of bottom up rational
design and be tailormade to perform a specific task. The ‘bottom up’ construction of nano- structured
assemblies using catalytic enzymes, small molecule redox mediators and immobilized matrices can be
challenging, and the successful combination of all three components to form a successfully operating
biocatalytic system necessitates a detailed understanding of the fundamental kinetic and transport
processes which may occur within the surface immobilized nanostructure. This is best accomplished
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by developing a mathematical model which captures the essential physics and chemistry which
encompass the key happenings in the process of biosensor operation namely, the transport of reactant
(often called analyte or substrate) to the surface immobilized biorecognition element, and the chemical
reaction dynamics between the substrate and the latter. It is usually assumed that the substrate transport
mechanism can be ascribed to diffusion (transport in a concentration gradient). The rate law governing
the interaction between substrate and biocatalyst can then be specified. Hence the modeling procedure
involves problem formulation in terms of specifying a particular differential equation which involves
diffusion and chemical reaction components. This reaction-diffusion (RD) equation may in general be
time dependent and the chemical term may well be of a form such that the net RD equation is non-
linear. It is solved subject to specific initial and boundary conditions to obtain an expression for the
reaction flux or equivalently, the current flow and hence the amperometric response in terms of
pertinent experimentally measurable parameters such as substrate and mediator concentration, enzyme
loading, layer thickness and so on. The mathematical solution may sometimes be analytical, or more
often, numerical. This type of analysis has been described for a variety of model systems [44-61].
Early theoretical work on transport and kinetics in immobilized enzyme biosensor systems has been
reported by Albery and co-workers [62-64], Bartlett et al [65-70] and others [71]. More recently
comprehensive theoretical papers by Saveant and co-workers [72-77], Lyons [78-82] , Kulys and
Baronas [83] and by Gooding et al [84-87] have been published.

Electron transfer in biological systems is one of the leading areas in the biochemical and
biophysical sciences [88-90] and in recent years there has been considerable interest in the direct
electron transfer between redox proteins and electrode surfaces [91-98]. However in the absence of
mobile mediating small molecules, the observation of well defined electrochemical behaviour of
immobilized flavoprotein oxidase systems such as glucose oxidase (GOx) is rendered extremely
difficult, because the active FAD group is embedded deep within the protein structure thereby making
the transmission coefficient for direct electron transfer between the latter and the support electrode
very small [99,100]. Various immobilization strategies [101,102] have been adopted to fabricate
enzyme electrodes for biosensor applications. These strategies have exhibited variable degrees of
success and in many cases electron transfer mediators have been used to facilitate electronic
communication between the active site of the protein and the underlying electrode. However the
potential at which an amperometric enzyme biosensor is operated depends on the redox potential of the
mediator used rather than that exhibited by the active site of the redox enzyme. Usually the difference
in magnitude between the latter potentials is significant (typically ca. 0.3 - 0.5V) and is a factor which
acts against successful biosensor operation, since the more positive the operating potential, the greater
is the tendency for the sensor to respond to oxidizable substances present in ther sample other than the
target substrate. Clearly the best strategy for successful enzyme biosensor fabrication is to devise a
configuration by which electrons can directly transfer from the redox center of the enzyme to the
underlying support electrode. This has been accomplished in recent years using the concept of
molecular wiring.

The similarity in length scales between carbon nanotubes and redox enzymes suggest the
presence of interactions that may be favourable for biosensor application [9,23]. The strategy of
physical adsorption or covalent immobilization of large biomolecules onto the surface of immobilized
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carbon nanotubes may well represent an exciting pathway through which direct electrical
communication between support electrodes and the active site of redox enzymes can be achieved. For
instance recent work [103-107] has indicated that the chemical modification of electrode surfaces with
carbon nanotubes has enhanced the activity of the latter with respect to the reaction of biologically
active species such as hydrogen peroxide, dopamine and NADH. Furthermore multi-walled carbon
nanotubes have been shown to exhibit good electronic communication with redox proteins where not
only the redox center is close to the proteins surface such as found with cytochrome c, azurin and
horseradish peroxidase, but also when it is embedded deep with the glycoprotein sheath such as is
found with glucose oxidase [29, 108- 111].

In a recent communication describing amperometric glucose detection at SWNT mesh
modified glassy carbon and gold electrodes incorporating dispersed immobilized glucose oxidase,
Lyons and Keeley [110] have reported that catalytic activity with respect to glucose oxidation is
observed only when a soluble mediator such as oxygen or ferrocene monocarboxylic acid is present in
the solution. Catalytic glucose oxidation does not occur if adsorbed glucose oxidase is only present.
The homogeneous mediator is required to ensure efficient charge shuttling between the flavin active
site buried deep within the protein sheath and the underlying carbon nanotube sidewall. It was
suggested that mediator molecules such as oxygen or ferrocene monocarboxylic acid molecules are of
the correct size to enter the glycoprotein sheath effectively and interact with the flavin group. It is
important to note that the carbon nanotube and the enzyme molecule share a similar length scale and so
the enzyme is able to adsorb on the nanotube sidewall without losing its biologically active shape,
form and function. Indeed Baughman and co-workers [103] have suggested the striking analogy of
piercing a balloon with a long sharp needle such that the balloon does not burst. Instead by a gentle
twisting action the needle can be made to enter the balloon without catastrophe. Similarly it was
proposed by Lyons and Keeley [110] that some number of nanotubes are able to pierce the
glycoprotein shell of glucose oxidase and gain access to the flavin prosthetic group such that the
electron tunnelling distance is minimized and consequently electron transfer probability optimized.
Such access is not generally afforded with traditional smooth electrodes.

In the present paper we further develop a theoretical model which describes transport and
kinetics at electrodes which have been chemically modified with highly dispersed meshes of single
wall carbon nanotubes on which redox enzymes such as glucoes oxidase have been adsorbed. The first
paper in this series [112] examined the transport and kinetics within a very thin film of SWNT in
which the bio-catalytic enzyme had been immobilized. In the present paper we develop this idea and
examine substrate and redox mediator transport and kinetics within a SWNT film of finite thickness L
in which a redox enzyme such as glucose oxidase has been homogeneously dispersed. Two cases of
practical interest will be examined. The first pertains when the nanotube strands are electrically
conducting. The second applies when the strands are not so conducting and the redox mediator is
regenerated at the underlying support electrode surface. In a subsequent paper [113] we will describe
the somewhat more complex situation where metal nanoparticle decorated SWNT strands are used and
the redox mediator can be regenerated along the length of the nanotube strands. In this more complex
situation the balance between macroscopic linear diffusion throughout the film and microscopic
spherical diffusion to the catalytic nanoparticle must be considered [44, 114-116].
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The analysis presented in the present paper will extend and further develop theoretical ideas
proposed by Bartlett and Whittaker [66], Bartlett and Pratt [68] , Lyons and co-workers [47] and by
Albery et al [64]. The latter papers focused on developing an approximate analytical description of
finite diffusion coupled with non-linear Michaelis-Menten kinetics involving redox enzymes
immobilized within electronically conducting polymer matrices. In the present work the analysis is
extended to chemically modified electrode surfaces in which the redox enzyme molecules are
homogeneously dispersed within a SWNT mesh of finite thickness. It is expected from previous
experimental work [25] that the surface coverage of adsorbed enzyme will be relatively high, typically
lying in the range 90-160 pmol cm™. Hence the mathematical model to be developed will consider
both the transport of substrate and mediator in the solution filled pores between the nanotube strands to
either the redox enzyme site or to the electrode surface, the enzyme/mediator and enzyme substrate
reaction kinetics and the reaction kinetics of the mediator at the support electrode surface or at the
nanotube sidewall. Furthermore the detailed relationship between the substrate reaction flux f; and

the observed flux f; measured at the electrode is determined.

2. THEORETICAL MODEL

2.1 Model setup and general considerations

Our mathematical analysis will involve the following simplifications. We assume for simplicity
that the mesh of carbon nanotubes immobilized on a conductive support electrode surface can be
described in terms of a homogeneous slab of uniform thickness L. We also assume, unlike part 1 of the
present series, that the redox enzyme is distributed homogeneously throughout the body of this slab
with a concentration e,. We denote the bulk concentration of substrate as s™and that of oxidized

redox mediator as a”. We assume that both the substrate and oxidised redox mediator (such as
oxygen) can diffuse through the external bathing solution and rapidly partition into the
nanotube/enzyme layer with partition coefficients designated as k, kx, respectively. For ease of

analysis we neglect the effect of mediator and substrate diffusion in the solution adjacent to the
nanotube layer and therefore assume that at x= L, 5, = k5™, a, =k,a”.

We can visualise two distinct situations. The first occurs when the nanotube sample is
conducting. This situation is illustrated in figure 2. The second (outlined schematically in figure 3)
pertains when the nanotube sample is not so conducting. In the first case the reduced mediator reacts
along the length of the nanotube strands. In the second the reduced mediator is required to diffuse to
the support electrode surface and react there.

We assume that the reaction between oxidized enzyme and substrate proceeds via Michaelis-
Menten kinetics. The reduced enzyme is regenerated via reaction with the oxidized mediator in the
film. This reaction is assumed to proceed via simple bimolecular reaction kinetics, although it is quite
possible that the reaction between oxidized mediator and reduced enzyme can also involve adduct
formation and thus involve a Michaelis-Menten type mechanism. This particular possibility was
considered in the first paper of this series [112 ].
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ConductingSWCNT/redox enzyme
/redox mediator/ substrate system

Figure 2. Schematic representation of reaction and diffusion of substrate and mediator within an
immobilized nanotube mesh. The nanotube acts as a molecular wire and the mediator reacts along the
nanotube surface.

Molecular wire (conductive SWCNT)/ S
redox enzyme/redox mediator/

substrate system /

Support electrode

Figure 3. Schematic representation of reaction and diffusion of substrate and mediator within an
immobilized nanotube mesh. The nanotube acts as a molecular wire and the mediator reacts at the
underlying support electrode surface.



Int. J. Electrochem. Sci., Vol. 4, 2009 1202

We therefore describe the reaction sequence in terms of the ‘ping-pong’ mechanism.

S+E,$ "t E,S 5> E,P— s E +P
A(M,)+E,——>B(M,)+E,
B—X5A

B—>C

where S, P represent the substrate and product species respectively, Eo, Er denote the oxidized and
reduced forms of the redox enzyme and A, B denote the oxidized (Mo) and reduced (Mg) forms of the
redox mediator respectively. Typical examples of the latter might be OxH.O, [66] or
benzoquinone/hydroquinone [71] respectively. Note that the reduced form of the mediator may react
either to regenerate the oxidized form A or be reduced further to form a product C. The specifics of the
reaction will depend on the electrode potential applied to the modified electrode. In either case the
kinetics of the heterogeneous electron transfer reaction is quantified via the heterogeneous rate
constant k” which will be potential dependent and follow Butler-Volmer kinetics. We assume that the
SWNT mesh immobilized on the support electrode surface is very open and porous and the diffusion
of substrate and redox mediator species in the nanotube layer is described by the diffusion coefficients
Ds and Dy = Da = Dg respectively. The Michaelis Menten enzyme kinetics are described in terms of
the Michaelis constant Ky and the catalytic rate constant k. respectively.

As noted in part 1 of this series [112] the enzyme/substrate reaction and the rate of the
enzyme/mediator reaction are assumed to give rise to a substrate flux f; which is measured in the

usual units of amount transformed per unit area per unit time (mol cm™ s™'). This will be related in
some defined manner to the observed flux f; which is measured at the electrode and is related to the

current flowing via the expression:
i

fzzm (1)

where n, F and A denote the number of electrons transferred, the Faraday constant and the electrode

geometric area respectively. The exact relationship depends on whether the mediator reacts along the
nanotube strand or at the underlying support electrode. In the first case f, = f,, whereas in the second

situation the net flux will differ from the substrate flux in a well defined manner. We will consider
both of these cases in the present paper. We assume that the heterogeneous rate constant k” is well
described by the Butler-Volmer equation:

kK =k exp[+BE] = k° exp{i'}i—l;(E—Eo)} )

where &= %(E -E ") denotes a normalised potential, £ is the symmetry factor (typically for simple

ET reactions =1/2) and the other symbols have their usual meanings. When the heterogeneous rate
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constant is very large then the ratio of the reduced to oxidized mediator concentrations at the
layer/support electrode interface will be related via the Nernst equation.

Furthermore if ¢ denotes the diffusion layer thickness then for distances x > ¢ we note that
b=0, s=s", a=a".Hence for distances greater than the diffusion layer thickness we propose that

the concentration of reduced redox mediator is zero and that the concentration of substrate and

oxidized mediator species admit their bulk values. When the mediator reacts at the underlying support

electrode surface the net flux is given by:

Jr =Dy (@J :k,bo (3)

dx

In contrast when the mediator reacts along the nanotube strand we can write:

fo=fs =Dy (%j X]. ks (x)dx 4)

=L x=0
Where we note that the rate constant k (units: s) is given by: k = (k. /K,, )e, =k, e, where k.

denotes the catalytic rate constant and Ky is the Michaelis constant for the immobilized redox enzyme.
Furthermore k, =k, /K,, and e, denotes the total enzyme concentration.

2.2. Definition of the boundary value problem

We first focus attention on the fate of the reduced mediator species B. We can assume that the
reduced mediator species B diffuses through the nanotube film to the support electrode where it is
detected via direct electron transfer quantified by the heterogeneous electrochemical rate constant k”
and it is generated in the nanotube layer via reaction between the oxidized mediator species A and the
reduced enzyme Eg. The latter is quantified by a bimolecular rate constant k. Hence the pertinent
reaction/diffusion equation for the reduced mediator species in the layer is given by (assuming steady

state conditions):
2

d’b
DB W+keRa =0 (5)

In the latter expression e, and adenote the concentrations of reduced enzyme and oxidized

mediator species within the nanotube layer. Furthermore for the substrate species S we need to
consider diffusion of S in the film described by a diffusion coefficient Dg and subsequent reaction
between S and oxidized enzyme Eg of concentration eg :
d’s
Dsﬁ—kEe()S:O (6)
In the latter expression we note that the rate constant describing the reaction between oxidized

enzyme and substrate is given by:
k
kp=—> (7
K, +s

Now we note that if steady state conditions pertain:
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ey

& =kae, —kge,s =0 ¥

And so the concentration of reduced enzyme is given by:
_ kgse,

e 9
. ka ©)
Now we also note that :
e, te, =e, (10)
From en.7, eqn.9 and eqn.10 we can show that:
-1
e, = _kijez {1+%}
a a an
__kpsey  _ k.egs
ka+kys ka(K, +s)+k.s
Hence eqn.5 transforms to
2
' d ZZ+ kak ey s _ (12)
dx* ka(s+K, )+k.s
Also by noting that k,e,s = kae, then eqn.6 transforms to
d’s
DSE—kaeR =0 (13)
And using the result presented in eqn.11 we finally obtain
2
d’s kak ey s (14)

S _ka(s+KM)+kcs B

We note that eqn.12 and eqn.14 provide the fundamental description for reaction and diffusion
of mediator and substrate within the nanotube layer and are similar in form to expressions previously
derived by Bartlett and co-workers [65-68] for enzyme transport and kinetics within electroactive
polymer materials.

These expressions must be solved subject to the following boundary conditions. If the reduced

mediator species B reacts on the SWCNT fibers throughout the thickness L of the layer then we have:
ds

x=0, —=0
dx
x=L, s, =K~ (15)

ds
=D.| —
fS S (deX—L

Alternatively, if the reduced mediator B reacts at the support electrode surface then we solve
eqn.14 for s(x) and use the latter result in eqn.12 and then solve the latter reaction/diffusion equation
subject to the latter boundary conditions:
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, db
x=0, b=b,=f [k, fz:fB:DB(_J
x=0

dx (16)

x=L, b=b,=0, a=a,=kK,a"

In the latter expressions we have neglected concentration polarization of A and B in the
solution adjacent to the nanotube layer. We also assume that the concentration of oxidized mediator
has a uniform value given by a = x,a” throughout the nanotube film.

2.3. Transformation to non-dimensional variables

We [47] and others [56,68] have noted in previous publications that resolution of a complex
boundary value problem of the type outlined in section 2.2 is best accomplished if the pertinent
reaction diffusion equations and boundary conditions are transformed into non-dimensional format.
This procedure ensures that the mathematical expressions are cast into a form that makes identification
of suitable approximations more transparent, The introduction of characteristic dimensionless
parameters related to the fundamental physical processes occurring in the system also enables the
formulation of suitable limiting expressions for the reaction flux the predictions of which may be
compared directly with experimental measurements.

We introduce the following dimensionless distance and concentration variables:

,Z:ﬁ U= Sw V= bw (17)
L Ks K.a

We also introduce the saturation parameter ¢ as follows [47]:
_ Kys”
K

M

(18)

The latter parameter provides a measure of the degree of substrate unsaturation/saturation
within the nanotube layer. When o <<1, s<<K,, and the enzyme/substrate reaction kinetics within

the layer is unsaturated (rate depends linearly on substrate concentration), whereas in contrast when
a>>1, s>>K, the enzyme/substrate reaction kinetics are saturated (rate independent of substrate
concentration). These two limits define Michaelis-Menten enzyme kinetics.

There are various ways [47,68] in which the reaction/diffusion equations may be made
dimensionless. In the present formulation detailed analysis indicates that the following expressions
may be obtained:

du  YsF (u)

- = 19
dy’ 1+kF (u) 0 (19
| BF) (20)

dy’ 1+kF (u)

In the latter expressions we introduce the saturation function F(u) as:
u
F(u)= 1)
1+au
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where we note that [47] au = s/K,, quantifies the degree of unsaturation/saturation. We note that when

.. 1
au<<l, F (u) =y and we have unsaturated enzyme kinetics. In contrast when au >>1, F (u) =—
o

and we have saturated enzyme kinetics. Furthermore we have introduced the following
reaction/diffusion parameters for substrate and redox mediator respectively:

” _ o _ (kC/KM)eiLKSs 22)
fso Dgks /L

7M — fSE — (kc/KM )e)iLKSS (23)
fMD DMKAa /L

Also we define a kinetic competition parameter x as follows:
K= fSE — (kL‘/I{M)ezlzk‘ss‘>° (24)
Jue kes Lk, a”

We note that the parameter y, compares the rate of reaction between substrate and oxidized
enzyme defined by the flux term f,, with the rate of substrate diffusion through the nanotube layer
defined by the flux term f;, . In an analogous manner the parameter y,, compares the rate of reaction
between substrate and oxidized enzyme defined by the flux term f,, with the rate of mediator
diffusion through the nanotube layer defined by the flux term f,,, . Finally the parameter x defines the
balance between two Kinetic reaction rates in the film: the oxidized enzyme/substrate flux f, (defined
by the unsaturated bimolecular rate constant k, =k, /K,, ) and the reduced enzyme/oxidized mediator
flux f,, (defined by the bimolecular rate constant k). When x<<l1, f,. << f,, and the reaction
kinetics are limited by the reaction between oxidized enzyme and substrate. The film consists of the
oxidized enzyme only. In contrast when x>>1, f,, >> f,,. and the kinetics are limited by that of
reaction between the reduced enzyme and oxidized mediator species A to regenerate the catalytically
active oxidized enzyme. Hence the film consists of reduced enzyme only.

The pertinent boundary conditions for a conducting SWNT ensemble where the mediator reacts
on the nanotube sidewall is:

du
x=9 [@j -0 (25)

=1 u=1

And the substrate flux is given by:

Js Js du 1
w o Ss o fs  _[du) _ i
* fe  KDgs”/L {dll 07su(}()d;( (26)

When the nanotube ensemble is not so conducting then the current measures the reaction of the
redox mediator at the underlying support electrode and the relevant boundary conditions in normalized
form is given by:

x=0 v=y,

7=1 v=0 @D
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And the net observed flux is given by:

dv
L\ = == 28
==6% [dzjo 2
Where we note that:
kl
= 29
¢ D,, /L 29)

This is a parameter which directly compares the heterogeneous electrochemical rate constant
for reduced mediator transformation to product at the support electrode to the diffusive rate constant
for reduced mediator transport to the support electrode surface.

2.4. Relationship between observed flux and substrate flux

We now derive a relationship between the observed flux W, and the substrate reaction flux
W . In general these will not be equal [112] and indeed ¥, <'¥.

We begin by adding eqn.19 and eqn.20 to obtain:

d’ d’
N

Integrating the latter expression over the dimension of the nanotube layer between the limits of

CR R ) B
dZ 1 dZ 0 }/S dZ 1 dZ 0

Now since we assume that the substrate does not react directly at the underlying support

0 and 1 we obtain:

electrode surface then {ﬂj =(. Furthermore we note that {ﬂj =¥, (ﬂj =¥, and so
dy 0 dy 1 dy 0
eqn.31 reduces to:
p =Ly +[ﬂJ (32)
Vs dy ),

This expression is equivalent to eqn.A3 in the first paper of this series [112]. As first noted by
Bartlett and co-workers [68] there are three ways in which the reduced mediator is lost from the film.
First it can be turned over at the electrode. Second it can escape into the bulk solution. Third it may be
turned over by the substrate. The first two processes are described by the fluxes of mediator at the
electrode surface and the film/solution interface respectively. With no enzyme catalyzed reaction
occurring these two fluxes must be equal for steady state to be attained. The difference between these
two fluxes is therefore due to turnover of mediator by the substrate. Now the substrate can only enter
the nanotube film at the layer/solution interface, and be consumed by reaction with the mediator, since
it has zero flux at the electrode surface. These two processes must therefore balance at steady state.
Since the enzyme is only present in small catalytic quantities, the rate of enzyme catalysed
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consumption of substrate is equal to that of the mediator. We therefore note that at steady state the flux
of substrate into the film must therefore be equal to the difference between the fluxes of mediator at
the electrode and at the film/solution interface and from eqn.32 we can write:

W, :ﬁ{\pz _{ﬂj } (33)
Yu dx ),
2.5. The thin film limit

It is clear that exact solutions of the u and v master equations presented in eqn.19 and eqn.20
cannot be derived for all values of « and x. This is because the kinetic terms in the expressions are
non-linear. In order to obtain mathematical solutions to these master equations it is necessary to
simplify them. One particular strategy is to examine the so called ‘thin film’ limit. Here we assume
that substrate diffusion is so rapid that there are no reaction layers within the film. Under these
circumstances we set u =1 and v =1 , so the concentrations of substrate and mediator will be uniform
throughout the layer.

We initially examine eqn.19 and consider the situation pertaining when the nanotube film is

conducting. Setting u =1 in eqn.19 and noting in this circumstance that F () = % we get:
+a

dzu_ 73/(1+a) _

= 34
dy’ 1+x/(1+a) GY
This expression can be further simplified to:
2
du__ % _ (35)

Ay’ l+a+kx

We can readily show by direct integration that the normalized substrate flux is given by:
g o du) ¥ (36)
dy) l+a+k

We examine the limits of large and small & corresponding to substrate saturation and
unsaturation respectively. First when & >>1 or s >> K,, we note that eqn.36 reduces to:

g o= (37)

The latter expression can be reduced to simpler representations depending on the balance
between & and x . For example when & >> k eqn.37 reduces to:

p, =1 (38)
a

If we insert the values for each of the dimensionless parameters obtained from eqn.18. eqn.24
and eqn.26 into eqn.38 we immediately obtain the following approximate expression for the substrate

reaction flux:
fs=keL (39)
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This expression describes the situation of rate determining decomposition of the ES complex
which will pertain when the enzyme kinetics is saturated. Here the flux is independent both of the
substrate and oxidized mediator concentration. The flux is first order with respect to layer thickness
and enzyme concentration. This will be labeled case III.

In contrast when « << x corresponding to the situation where & >>1 and so x is very
large indeed implying that f,, >> f,,, then eqn.37 reduces to:

y =2 (40)
K

And again from eqn.24 and eqn.26 we get that the substrate reaction flux is:
fs=kk,e La” (41)

Here the flux is independent of substrate concentration and is first order with respect to enzyme
concentration, oxidized mediator concentration and layer thickness. This is designated case V and
corresponds to rate determining reaction between oxidized mediator and reduced enzyme. The
regeneration of the catalytically active oxidized enzyme is rate determining.

Turning to the situation when the saturation parameter is small such that & <<1 then s<<K,,
and we consider the case when the substrate concentration is low. This is the important case for
amperometric detection. Under such conditions eqn.36 reduces to:

Vs
¥ = 42
Ttk (42)

Here we can again consider two limits. First when x <<1 which corresponds to the situation
where f,, << f,,. then eqn.42 reduces to:

s =7 (43)
Transforming to an expression for the substrate flux affords:
k, -
fS = (EJ eZLKSS (44)

This situation describes rate determining bimolecular reaction between substrate and oxidized
enzyme (unsaturated enzyme kinetics). This is case I. Here the substrate flux and hence the current is
first order with respect to substrate concentration, enzyme concentration and layer thickness. When
kK >>1 eqn.42 reduces to eqn.40 and the substrate flux is defined in terms of eqn.41. Again we regain
case V and have rate determining regeneration of the oxidized enzyme. Hence case V pertains for all
values of the substrate concentration.

We now consider eqn.20 which pertains when the nanotube layer is not so conducting. Again

F(u)=

and eqn.20 reduces to:
I+a

2
LA /TR 45)
dy- l1+a+x

This expression may be integrated once to yield:
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ﬂ:_M_,_A (46)

dy l1+a+x

And integrated again to produce

2
y=— Tu +Ay+B 47)

2(l+a+x)

The integration constants A and B are evaluated from the pertinent boundary conditions. When

=0 v=vy, and so immediately B=v,. Again when y=0 A= {ﬂj =W, ={v,. Furthermore
0

when y=1 v=v =0 and eqn.47 reduces to:

_ Yu
v"_2(1+§)(1+a+7() (48)

Hence the total flux is given by

}/M
=W 2(1+§‘1)(1+0{+K) “9)

Recalling eqn.36 we can readily show that 1/ (1+a+x)=Y¥,/y, and hence eqn.49 transforms

to:
Yu 1
o=y Y (50)
S {2(1+§-1)} ’
Where we note that the loss factor is given by:
4 D,/L D,/L
¢ =Dl Dl oxplpy) 61

Hence the loss factor defines the ratio between the rate of reduced mediator diffusion from the
layer into the solution to the rate of reduced mediator chemical transformation at the electrode surface.
It is also dependent on potential. The negative sign in eqn.51 refers to the reduced mediator
undergoing an oxidation at the support electrode whereas the positive sign signifies that the electrode
is polarized such that the reduced mediator will undergo further reduction. The expression outlined in
eqn.50 is a general relationship between the observed flux and the substrate flux and is therefore of
considerable utility. In general when the potential is set to extreme values exp[mﬂf] — 0 and the

following relation pertains between the corresponding limiting flux values:

¥
p, =L st (52)
Ys 2
We note that r = Yo = & defines the ratio of the substrate to mediator diffusive fluxes in the
7S MD

film. It is logical that the observed flux will also depend on this quantity. We illustrate in figure 4 a
Yu _ T

plot of the ratio W, /¥, as function of the parameter ¢ for various values of the ratio r = ’
}/S MD
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Yu _ o

7S MD

It is clear that for any value of the ratio r = , as the rate of mediator loss via electrochemical

transformation at the support electrode/film interface increases (by increasing the potential applied to
the electrode for example) compared with the rate of loss of mediator from the film via diffusion
across the film/solution interface increases, the net flux approaches that due to substrate reaction.
Furthermore the result predicted by eqn.52 is confirmed when the value of ¢ is large which it will be
at high potential : a constant plateau region is observed.

The expression presented in eqn.50 is also useful since it immediately enables us to evaluate
the net flux for the three limiting kinetic situations considered previously for the situation where the

observed current arises from reaction of the reduced mediator at the support electrode surface. When
7s

o <<1 we recall that ¥ = , and so the net flux is

V) = Vu 1
Pz ¥s {2(1+§_1)}TS_2(1+§_1){1+K‘} .

Hence for case I, corresponding to the case where a<<1, xk<<I1, the corresponding

expression for the net flux is:

po=to) Uy o T 54
oy {2(1+§-1)} P14 >4)

1 k, o
{2(1+§‘1)}(KMJ€ZLKSS (54)

Which is rate determining unsaturated enzyme kinetics. When x>>a, x>>1, a<<l1,

I

Or

fs

I

eqn.53 reduces to:

~ I
Y= (35)
21+ )&
This defines kinetic case V valid for s << K, . And hence we note
1
=———keLk,a” (56)
fz 2(1+;_1) s Ry

Hence the regeneration of the oxidized enzyme is rate determining.
In contrast when o >>1 we get the two further cases . When a >>1, x<<1, a>>k, case

III, we note that ¥, = I and so the net flux becomes
(04

I

Yu 1 Vu
po=m) 0 o Im
oy {2(1+§-1)} P21+ e 7

And the net flux is
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1 ker (58)

2(1+¢7)

I

I

Which corresponds to rate determining saturated enzyme kinetics.
Finally fora>>1, x>>1, x>>«a we enter the region defining kinetic case V and

Y = ﬁso the net flux again takes the form outlined in eqn.55 and eqn.56. And the regeneration of
K

the oxidized enzyme is again rate determining. Hence enzyme regeneration can be rate determining
over the entire substrate concentration range.

0.6

0.5 1

0.4

0.3 1

W/

0.2

0.1 4

0.0 1

0.001 0.01 0.1 1 10 100 1000 10000

Figure 4. Variation of flux ratio with ¢ parameter calculated via eqn.50 for various defined values of
the substrate/mediator transport flux ratio r.

We conclude that significant insights into the transport and kinetics can be extracted via use of
the thin layer approximation. We now progress and extend the analysis to consider the case where the
immobilized enzyme layer is of finite thickness. We will show that three further distinct kinetic cases
can be identified.

2.5. Conductive matrix: finite thickness

We now relax the thin film condition and assume that the concentration polarization of
substrate must be considered within the immobilized enzyme layer. Hence eqn.19 must be solved. If
we assume unsaturated conditions then ou <<1, F(u)=u and eqn.19 reduces to:
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2
du_ % (59)
dy- 1+ku
When xu <<1, then 1+ xu =1 and the u-equation reduces to
d*u
d_f - }/Su =0 (60)

This expression may be readily integrated to yield

u:Alcosh[ 73Z]+B18inh[ 731}
(61)
j_;‘/: }/SAlsinh[ 73,1’]‘*' 7s31COSh[ 731}

When y=0 j—u:O,hence B, =0. Also when =1 u=1 and so AI:;.Hence
x

cosh [\/7_3 ]

the substrate concentration profile through the layer is given by:

B cosh[ Vs ;[]

- cosh[\/}/TJ

Furthermore the normalized substrate flux is given by:

P ={ﬂj = \[7; tanh[ Jy; | (63)

dy ),

(62)

This result has been derived in a previous analysis [47,59] performed for reaction/diffusion
with Michaelis-Menten kinetics for substrate reaction within an electronically conducting polymer thin
film. We can consider two distinct limits. First when /¥, <<1 then f,, << f;, and substrate/enzyme

unsaturated reaction kinetics will be much slower than the rate of substrate diffusion through the film
which will be fairly rapid. In other words the layer thickness is very much less than the kinetic length
of the substrate. Then we assume that tanh [\/}7 ] = \/}/73 and so the normalized substrate flux admits

the following form:
Y, =vy. (43)

This of course is case I already discussed in the thin film limit. When substrate diffusion is very
rapid we effectively have the latter limit so our result is not to be unexpected. Again the flux will be
given by eqn.44 corresponding to rate determining unsaturated Michaelis Menten kinetics occurring
within the bulk of the immobilized enzyme layer. This result will be valid when the mediator/enzyme
flux is also large. As noted in eqn.44 the reaction flux and hence the current is first order with respect
to substrate concentration, enzyme concentration and layer thickness. Here increasing the film
thickness or enzyme loading increases the current because the reaction of substrate occurs uniformly
throughout the layer. In contrast when \/73 >>1 then f, >> f,, and substrate diffusion through the

film will be slower than the substrate/enzyme reaction kinetics. Hence the layer thickness is very much
larger than the kinetic length. Under these circumstances we note that tanh [\/73 ] =1 and the

normalized substrate flux reduces to:

o=y (64)
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This is a new case which we denote as case II. We can readily show that the substrate flux is

given by:

fs= (ch jDseszsw (65)

M

Here we note that reaction between substrate and enzyme is rate limiting and occurs in a region
located in the outer edge of the film. This case will occur when the diffusivity of the substrate is
relatively low or when the substrate only diffuses a short distance into the layer before it reacts with
the enzyme in a thin reaction layer near the film/solution interface. This will occur when the reaction
between enzyme and substrate is favoured and so the kinetic length will be small. We note that under
such circumstances in case II the substrate flux and hence the measured current is half order with
respect to enzyme concentration, is independent of layer thickness and is first order with respect to
substrate concentration characteristic of unsaturated Michaelis - Menten kinetics.

We can re-examine eqn.59 and attempt another method of solution which will be valid when
¥s >>1 and when x=1. We note the following identities:

dufdu] | anf v )
dy | dy Sdy\1+xu

g (66)
d [du]’ ) du)du
dy ldy dy)dy
Hence we note that
d (duY u du
azlay) " ) ay
: (67)
a4 :2}/3( - jdu
dy 1+ xu
Integrating we get:
2
du wou
[EJ =27, o (68)
Now we note that:
[~ du="—"Lin(1+xu) (69)
1+ ku K K
Noting that when u# =0 d—u =0 and so from eqn.67 and eqn.68 we get:
x
du u 1
— = 2Yy——In(1+xu 70
de P Lnre )| (70

Noting that u =1 when ¥ =1 we finally derive an expression for the normalized substrate flux:

B N Iy o/
Ts_[dzjl \/K2 {kx-In(1+x)} (71)
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Now when x<<1 then we can assume that 1n(1+1()51(—§ and so eqn.71 reduces to

Y, = 2%% :\/Z which is eqn.64 again describing case II. Alternatively when x>>1 we note
that In(1+ «) = In x and assuming that & >>In x we get:
- |27 _ |27
‘Psz\/KZS(K'—an')z\/TS (72)

This expression defines a new kinetic case which we label case VI. Here the substrate flux is
given by:

fy 22K, Dys™x a"e, (73)
Here we note that the reaction flux is half order with respect to enzyme concentration, substrate

concentration and mediator concentration and is zero order with respect to layer thickness.
We now consider the situation when au >>1. Under such conditions 1+au =au and

F(u)= 1 and the reaction/diffusion eqn.19 reduces to:
o

d’u_ y/a _
dy l+xla
Here we need to consider the situation where either x/ax<<1 or x/a>>1. First when
K/ o << 1 eqn.74 reduces to:

(74)

2
du g (75)
dy o«
This expression may be readily integrated twice to produce:
du
At
o (76)
Vs 2
= +Ay+B
()= X"+ A2 +B,
Now when:
_ Z_“ 0
d ] )
z=1 u=1 W, :{—”J
dy ),
And so we note that A, =0 B, = 1—27—3. Hence the normalized flux is given by:
a
v, E[ﬂj =5 (38)
dy) «

Which is case III already discussed. This expression describes the situation of rate determining

decomposition of the ES complex which will pertain when the enzyme kinetics is saturated. We recall
that the substrate flux is given by f; =k e L. Here the flux is independent both of the substrate and

oxidized mediator concentration. The flux is first order with respect to layer thickness and enzyme
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concentration. We can readily show that the substrate concentration profile within the layer is given
by:
u(z)=1-L(1- 2) (78)
2a
In contrast when x/a >>1 then 1+ x/a = k/ and eqn.74 reduces to:
d’u ¥

-—==0 79

dy’ « (79)
Integrating twice we obtain:

;l—u =Y X+A

£ (80)
7.

u(x) :ﬁ// +Ay+B,

Again using the boundary conditions outlined in eqn.77 we obtain that: A, =0 B, :1—;/—3.
K
Hence the normalized flux is given by:
p o=l (40)
K

This is case V corresponding to rate determining reaction between oxidized mediator and

reduced enzyme. The regeneration of the catalytically active oxidized enzyme is rate determining. We
recall that the substrate flux is given by f; = kx,e;La”. Here the flux is independent of substrate

concentration and is first order with respect to enzyme concentration, oxidized mediator concentration
and layer thickness. The reaction between oxidized mediator and reduced enzyme occurs throughout
the film and so increases in direct proportion to increasing layer thickness. The flux is independent of
substrate concentration since the enzyme kinetics with respect to the latter are saturated.

We need to consider one final possible kinetic situation. This is termed the moving boundary
scenario. Here we assume that @ >>1 and p, is large. The immobilized enzyme layer may be
decomposed into two regions labeled RI and RII. The outermost region RII is assumed saturated
whereas the inner region RI is unsaturated. Hence in RI au <1 and in RII au>1 The line of
demarcation between RI and RII is labeled y = y.. Here we note that ¢u =1. Hence when y, =0 the
entire layer is saturated whereas when %, =1 the entire layer is unsaturated as outlined in fig.5.
Furthermore when } =0, du/ dy =0 and when y =1, u=1 as before.

The strategy we will adopt is to evaluate the flux expressions in regions RI and RII and using
the condition of flux matching at = y. to obtain an expression for the limiting substrate flux. Now in

2 2

> —ﬂzo, which for x<<1 reduces to d—i—ysuzo. This
dy

region RI, au <1 and we solve
dy- 1+ku

expression may be solved as before by noting that y =0 j—u =0 and when =% u=1/a Hence
x

we note that :

{ﬂJ V55 o] oz (81)
1=z

dy
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Figure 5. Delination of two region approach : Moving Boundary case..

2

In region RII the pertinent reaction diffusion equation is given by d—L;—L: 0 or since
dy- a+x
. d’u  y, L
k << ¢ which reduces to: I =0. The latter expression integrates to at y = %.:
1y a
[ﬂj = &Z-i' A4
dy) « (82)
V.
u —i;(2+A4;(+B4

Now using flux matching at = y. in the first expression in eqn.82 and eqn.8§1 we get:

A, = \/f tanh[ Vs ;(] —% .. Furthermore the substrate flux is given by:
\p:(j_uj :ﬁ+A4:&—&;(*+\/75tanh[ vz ] (82)
V4 i o a o (44

Hence in order to evaluate the substrate flux we must initially evaluate ..Using the second

expression in eqn.82 at ¥ =1 we get : 1:2}/—S+A4 + B,. Furthermore when y=y%. au=1, and so
o

u=1/a and N l:;/—s X +A Y +B,. Hence we note that
a 2a
B4:l—ﬁ;(3—A4;(*:l—ﬁ;(f——“7sta_nh[ 73;(*];(*+ﬁ;(3 Now when
o 2o o 2a o o
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AR

X: ——— ¥.. Gathering the
o 2a o

latter information together we can readily show that y, obeys the following quadratic equation:

Vs >>1 tanh[ Vs ;@] =1 and so we finally obtain that : B,

ZE—2(1+L};@+£(1—0:)+L+1:0 (83)

NI J7s

Solving this equation affords:

=1+l /ﬂzl_ /2_0’+L= _ /2_0‘ 84)
oI\ x Ys 7 Ys

Where we recall that 22 >>1 and y, >>1. Hence we conclude that the condition for complete

saturation within the film can be defined when the parameter y, is large. This occurs when y, =0 or

when ¥, =2a. Hence the range of validity defining the mixed kinetics case is 1< 0{<%. Now

recalling eqn.82 we note that:

¥ :ﬁ_ﬁl +£
s = %

275
o

This is a new Kkinetic situation which we label case IV. Transforming into dimensioned
quantities we can show that in case IV the substrate flux admits the following form:

fs =+/2K;Dsk egs” (86)

Hence the substrate flux is half order with respect to substrate and enzyme concentrations, is
independent of layer thickness and mediator concentrations, and the enzyme-substrate kinetics is rate

determining since x <<1. The latter process occurs in a thin reaction layer near the surface of the film
since y, is large.

2.6. Not so conductive matrix: finite thickness

We now examine the more complicated situation where the nanotube matrix is not so
conductive and we have to use a low molecular mass, mobile redox mediator such as oxygen [66],
benzoquinone [71] or ferrocent monocarboxylic acid to ensure efficient amperometric detection.. Here
the reduced mediator B diffuses to the underlying support electrode surface where it undergoes
reaction, either being re-oxidized to the A form again or undergoing further reduction to a product
species C.

Again we need to solve eqn.19 and eqn.20 for substrate and mediator subject to the boundary
conditions presented in eqn.16. We note that the solution of the master equation for substrate is

initially solved and the resulting expression for the normalized substrate concentration, u, is inserted
into eqn.20 and the latter expression integrated to obtain an expression for the observed flux ¥, .
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We first examine the mediator reaction/diffusion master equation in the limit where au <<1.

In this situation eqn.20 reduces to:

2
dv ., Tl _ (87)
dy- l1+ku
However if we make the further assumption that xu <<1 then eqn.87 reduces to
d*v
>+ ¥uu=0 (88)
k./K Li,s™
Where we recall that y,, = Jse _ (k. /Koy ) esLAs . Now u is obtained from a solution of
MD DM KAaW/L
eqn.59 . We have previously shown that u = sech[\/z ] cosh[\/z ;{] and so eqn.88 reduces to:
d*v
d_;f+ Vi Sechy/ ¥ cosh[ Vs ;(] =0 (89)

This expression may be readily integrated once to obtain:

dv :_7_Msech 7 sinh[ 7SZ}+K1 (90)

dr 1
And integrated again to yield
v(;{)z—};/—Msech Vs {cosh[ }/S;(]—l}+K1;(+K2 1)
N

Since v=0when y =1 then K1+K2:7—M{1—sech j/S}. Also when =0 v=v,, and so
7

N

dv . . .

v,=K,=—=. Also we note that (—j =K, =Y,. Taking all of these observations into
¢ dy ),

consideration one may immediately derive that the net normalized mediator flux measured at the

support electrode surface is:

_Tul¥s g
v, =2 - {1-sechfy} (92)
The latter when transformed to the observed reaction flux is given by:
foo DL ) Rk el ©3)
14 Pu/L Kk;Dys™ /L
k/

The expression outlined in eqn.92 is presented in figure 6 below. We note that the computation

is done by setting ™' :DMT,/L:O.l and by varying the value for y,, = f,,/f,, - Hence under the

conditions set mediator diffusion is rapid through the film and redox mediator turnover at the support
electrode is much faster than mediator diffusion through the film. We plot normalized flux versus
substrate reaction/diffusion parameter which represents the balance between substrate/enzyme reaction

kinetics and substrate diffusion through the film.
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Figure 6. Variation of normalized flux versus substrate reaction/diffusion parameter defined via
eqn.92.

It is clear from figure 6 that the normalized flux arising from redox mediator transformation
measured at the support electrode surface decreases as the Y, parameter increases corresponding to
slower substrate diffusion and faster substrate reaction throughout the layer. This is to be expected
since the substrate will not proceed far into the film before it undergoes reaction and much of the
reduced mediator will be lost to the bulk solution from the film in these outer regions before it can
travel and react at the support electrode surface.

We can also readily show that the mediator concentration profile within the nanotube layer is

given by:
v(x) :7—M{1—sech 2 }{L(l+§z)}+7—’”sech 2 {1—cosh[ }/S;(]} (94)
¥s 1+¢ ¥s
Note that the loss factor is given by: (™' = Dﬂli'/L :D’Z—O/Lexp[mﬁf]. Now we can examine

the limit of low and high substrate reaction diffusion parameter ./y, . First when \/Z <<1

corresponding to the situation where the layer thickness is very much less than the kinetic length of the
substrate then f, << f, and substrate/enzyme unsaturated reaction kinetics will be much slower than

the rate of substrate diffusion through the film which will be fairly rapid.. Under these circumstances

we approximate sec h\/j/T = 1—% and so eqn.92 reduces to:
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Yu
| R T —
21+ ©)

Transforming the latter expression into flux by noting that W, = Lf, / D,, k,a” produces:

I

kyKkgs“e L fs _ kyxsTe L

2fi+¢} 2{ig} 2{1+17A]4</L}

I

fs (96)

The result presented in eqn.96 is a modified version of case I previously discussed. This
situation describes rate determining bimolecular reaction between substrate and oxidized enzyme
(unsaturated enzyme kinetics) as outlined in eqn.43 and eqn.44. Note also that the rate of reaction
between substrate and oxidized enzyme is much slower than that between reduced enzyme and

oxidized mediator. Hence regeneration of oxidized enzyme is assumed to be rapid. Note that the
observed flux f; differs from that corresponding to the simple substrate flux. f; via a term containing
4 _D,/L D,/L : . . e
the loss factor ™' :M—,/ :M—O/exp[mﬁf] which depends on the ratio of mediator diffusion and
k k

mediator reaction at the underlying support electrode.

We now return to eqn.92 and consider the situation where substrate/enzyme reaction is much
faster than substrate diffusion (again the regeneration of the oxidized enzyme is also assumed to be

kinetically facile). This corresponds to the case where /), >>1. Under these circumstances we can

use the following approximation sec h\/QT =2exp [—\/Z ] and 1-sec h\/z =1-2exp [—\/}Z ] =1.

Hence the general flux equation outlined in eqn.92 reduces to:

7M / 7S (97)

¥
P!

N

Now we  recall that the gamma  parameter ratio is  defined as
_ s/ fup _Jw _ KSDSSDO/L

fSE/fSD fMD KADMaW/L
diffusion within the nanotube film. The flux expression presented in eqn.97 represents a new kinetic

and reflects therefore the diffusive rates of substrate and

7M/7s

limiting case which we denote as case VII and label as the titration situation. Transforming to fluxes
we obtain:

Kk;Dys™ /L

1+7DM,/L
k

fs

I

(98)

This kinetic situation pertains when diffusion of substrate through the nanotube layer is slow
and rate determining. Again the magnitude of the flux observed at the underlying support electrode
surface corresponding to reaction of the reduced mediator species is modified by the loss factor. In the
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titration case the total flux is determined by the balance of fluxes of mediator and substrate to the
reaction zone within the film.

Bartlett and Pratt [68] realized that under certain conditions in an enzyme modified electrode
multilayer, the reaction kinetics may be mediator limited in one part of the film and substrate limited in
another as a result of changes in substrate and mediator concentrations across the layer. This type of
behaviour occurs when both mediator and substrate concentrations change significantly within the
film. In a clever argument, Bartlett and Pratt [68] divided the enzyme layer into two regions (A and B,
as illustrated in fig.2 of reference 68) divided by a demarcation line located at the critical distance
¥ =¢&. It was assumed that for y <& (region A) the kinetics were substrate limited and for } >¢&
(region B) the kinetics were mediator limited. Bartlett and Pratt [68] solved approximate reaction
diffusion equations appropriate to these two regions subject to the constraint that at the join between
the two regions where ¥ = & the concentrations and fluxes of substrate and mediator must match. It is
possible using this approach after considerable algebraic analysis to obtain a useful expression for the
observed reaction flux. Indeed this expression is presented in eqn.104. However life is too short for
such long and convoluted analyses however erudite and consequently a more simple and direct
approach to the final result will be developed.

This titration case mentioned in the previous paragraph can be developed using the following
independent argument as also first noted by Bartlett and Pratt [68]. When the kinetics of the enzyme
catralyzed reaction are fast the reaction occurs in a thin reaction zone somewhere within the nanotube
film located at a distance } =&. For y > € there is no reaction because v — 0. For y <& there is no
reaction because u — 0. Now in the steady state the fluxes of substrate and mediator within the

reaction zone must balance and so we can write that:
db ds
D | — =-D. | — 99
()l o

Or in normalized form:

Dyxa”( dv | _ KDgs” [ du (100)
L ax ), L ay ), .

The latter flux equality expression may be manipulated to produce

)50
dy ). Ys \dx ).

Since the reaction occurs at ¥ = £ we can write that:
) n
dy), &
du)_ 1
dy —-£

Hence we can derive an expression for the critical distance & by substituting eqn.102 into

(102)

eqn.101 as follows: (1-&)v, =—(7,,/7s )€ . Further simplification produces:
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g=—0 (103)
Y
v()
Vs
Now the net flux is given by:
\PZ :-ﬁ:y_M_vO (104)
£ Vs
We recall that v, = {™"¥, and so eqn.104 reduces to:
w, ={1+¢ " e (105)

N

which was derived previously in eqn.97.

Bartlett and Pratt [68] have also noted that the result presented in eqn.104, derived for
unsaturated Michaelis- Menten kinetic conditions, is quite general. The same expression also holds for
ou>>1. This is because in the substrate limited region of the film the substrate concentration is
considerably less than its bulk value. Therefore the substrate concentration will be less than the
Michaelis constant even though the bulk value may be greater.

Returning to the mediator reaction/diffusion master equation in the limit where au <<1
(eqn.87) we now examine the alternative limit corresponding to ku >>1. Hence & << k. Under such

circumstances eqn.87 reduces to:

2

A T g (106)

dy K

_Tu
K

This expression may be readily integrated twice to yield: ;l_v = X+ K, and furthermore we
x

obtain: v=—(y,/2k)x*+K y+K,. Noting that when y =1 v=0 implies K,+K, =y, /2k and

also since =0 v=v,={"¥, thenk, =¥, = {ﬂj . Hence ¥, {1+ é"l} =7, /2k. Simplifying
0

we obtain:
Yu
Yo=—"" 107
o1+ Mk
The latter may be transformed into an expression for the observed flux:
fi= Kka“es L  K,ka"egL (108)

_2{”;_1}—2{“%}

This is a modified form of case V corresponding to the situation of rate determining reaction

between the oxidized mediator and reduced enzyme which occurs throughout the film. This reaction
flux will be reduced by the diffusion of reduced mediator out of the layer given by the D,, /L term .
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We now re-examine eqn.20, the master equation describing transport and kinetics of the redox
mediator species and examine the limiting form when the substrate concentration is large when
au >1. Under these circumstances eqn.20 reduces to:

2
dv, Tule (109)
dy’ l1+x/a
o : o : dv Yy
Again this expression may be readily integrated to yield: —=-—"*"——=x+K, and
dy 1+ ko
~1 ~1
V= _le +K y+K,. Again noting that v=0 y =1 implies that K +K, S (T
2{1+xo '} 2{1+xo'}

and also noting that when ¥y =0 v=v,=¢{ "W then v,=K,=¢{"¥, and [j—vj =K, =¥, . Taking
0

all these observations into consideration we obtain: ¥, {1+ 4 _1} =y, / 2{1+ K‘at‘l} . Consequently

we obtain the following expression for the normalized flux under conditions of high substrate
concentration:

Yud

P = (110)
to2f1+ (14 k)

If we examine the limit corresponding to ko' <<1 or k<<a then 1+xw ' =1 and the

normalized flux expression reduces to:
Yu
Y o=—" — (111)
" 20147
Transforming the latter expression into flux by noting that W, = Lf, / D,, k,a” produces:
ke L

k/

I

(112)

This is a modified form of case III. Hence when the substrate concentration is high (& >>1)
and when ko' <<1 or when xis very small corresponding to fse << fuz» the rate determining step

corresponds to the situation where the enzyme-substrate adduct dissociates with a frequency defined
by the catalytic rate constant k_.

Yo
2x{1+¢ 7'}

and we encounter a modified form of case

In contrast when ko' >>1 or x>>a, eqn.110 reduces to:\¥, = which was

Kka"e, L
2{1+DM /L}
k

V again. Hence eqn.110 defines the connection between cases III and V. Hence under saturated
conditions and when f,. >> f, . the mediator/enzyme reaction will be rate limiting.

outlined in eqn.108. Hence the fluxis f; =



Int. J. Electrochem. Sci., Vol. 4, 2009 1225

2.7. The’Magic’ approximation

A key component in the reaction-diffusion expressions subjected to analysis in this paper is the

non linear kinetic term presented in eqn.21 as F(u)=

. In the analysis thus far we have
+ou

simplified this term by taking the limit of au <<1 or au >>1 corresponding to unsaturated substrate
kinetics or saturated substrate kinetics respectively. Ideally we would wish to develop an expression
which would be valid for all values of the saturation parameter ¢ . Both Bartlett [68] and Lyons [47]
developed a useful expression sufficient for this purpose. Lyons [47] labeled this suggestion the

‘Magic’ approximation which states that :
u _ a+u

1+05u=(1+05)2

(113)

We initially explore this approximation before using it to solve the reaction/diffusion
expressions. Now if we set A=a" thenu/(1+au)= u/(1+/1_1u) = Auf/(A+u)=A{uf(A+u)}, and the
approximation can be recast as:

u 1+ Au

114
A+u (1+/1)2 (1

I

It is immediately apparent that the approximation is exact when u = 1 for all values of A.
Hence the approximation is exact when substrate depletion in the modified electrode layer is
negligible. As previously noted [47,68] the approximate expression becomes worse as u decreases or
in other words as the degree of substrate depletion in the enzyme layer increases. It is least accurate for
u=0.For A>1 and A>>u:
u _u _1+Au_ A'+u

L ltAan A tu 115
A+u A A2 A (115

This expression will be valid for u>>A"'. Under these conditions the function is
approximately linear from 0 to A™' for u values from O to 1. In contrast when A <<1 or Au <<1 then

u
A+tu (116)

and the expression is only valid for u >> 4. Now the function is independent of u except for very low
u values.
We now return to the master equations outlined in eqn.19 and eqn.20 and examine the limit at
low x. Hence
du _ 7ok (u) U F(u)=0 (117)
dy’ 1+xF(u) dy

I

and

d*v N YuF(u) d*

dy’ 1+«F (u) d,1’2+}/MF(u) 0 (115)

I
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and we set
Flu)=—tt = 271 (119)
1+ au (1+a)
to obtain the following expressions:
du 7, (a+u): (120)
dy  (1+a)
2
+
dv | Tula+u) (121)

2

dy’  (1+e)

Turning attention to the u expression initially we can readily show that the solution to the

o+
differential equation is given by : LL;) = Acosh NV + Bsinh NV , which may be further
1+ a) 1+ 1+
simplified to obtain:
l+a)
u= By o YBZ | g | VB2 L, (122)
Vs I+a I+a

Differentiating eqn.122 we obtain:

1
du _(14+a) ), o NNEX | oo INT (123)
dy /7S 1+ 1+

du

Now we note that when ¥ =0 {d_j =0 and when y=1 u=1. Hence B=0 and also we
0

note that A= Vs sech \/Z . We may immediately note that the normalized substrate flux is:
I+ I+
w,=[ D) 2y sech N7 G V7| 7 tanh Jr (124)
dy ), 1+o I+ I+

This expression is valid for all values of the saturation parameter ¢ and connects the case
I/case 1I regions over the entire range of o provided that x <<1. Now for all values of « and for
\JYs <<1 when f,, << f;, i.e. substrate diffusion through the layer is more rapid than substrate

reaction then tanh [\/73 / 1+ 05] = \/73 / (1+ 05) and the normalized flux reduces to:

p o=t (125)
I+o
This expression is the appropriate form of eqn.36 derived in the thin layer approximation for
the limiting circumstance of x <<1. This expression transforms to the simple Michaelis-Menten
equation describing rate determining reaction between the substrate and oxidized enzyme throughout
the layer of thickness L:
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_ keLkygs

= 126
K, +xgs” (120

Js

We can readily show that the substrate concentration profile valid for all values of saturation

U= sech{lﬂ:l cosh {%:l—a{l—sech{lﬂ:l cosh l:ﬂ:l} (127)

+o +a +a 1+

parameter is:

This expression can be used to explore the solution to the mediator reaction-diffusion equation

Vs X

1+

outlined in eqn.121 as follows. We note that @+u=(1+a)sech Lﬂ:l cosh{
+a

:l and so the v

equation reduces to

dy* 1+« I+a I+a

2
d’ +7—Msech{£:|cosh {ﬂ} =0 (128)

This expression may be integrated to yield:

Dy | N | o V52 +K,
dy v, l+a l+a
(129)
v=—7—M(l+a)sech \/}Z cosh| Y& +K y+K,
Vs I+« l+o
Since when y=1 v=0 we get K1+K2:7—M(1+05) and when =0 {ﬂj =¥, =K,.
s 4% )o
Hence we note that:
¥+ K, =2 (14 q) (130)

Vs

Furthermore since at y=0 v=v,={"¥,, then v,=¢{""P, = _7_M(1_|_ a)seChL\/VS:l_F K,
+

N

and so we finally obtain that K, =¢ "¢, +}/—M(l+ a)sech{lﬁ:l . When the latter is substituted into
s +a

eqn.130 we obtain on simplification the following useful expression for the total normalized flux:

Y. :M{l—sech{@:l} (131)

Again for \/773 / (I1+a)<<1 we note that a suitable limiting expression for the observed

reaction flux is:
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Yo (132)

*r 21+ 1+ a)

I

This is another modified form of case I (see eqn.96) valid for all saturation parameter values.
This expression reduces to the following modified type of Michaelis-Menten rate equation:

k.e,LKks

D, /L o
2(1+"]4€,/j(KM +KyS”)

fr = (133)

This situation describes rate determining bimolecular reaction between substrate and oxidized
enzyme for both unsaturated and saturated enzyme kinetics. Note also that the rate of reaction between
substrate and oxidized enzyme is much slower than that between reduced enzyme and oxidized
mediator. Hence regeneration of oxidized enzyme is assumed to be rapid. In contrast when
\/773 / (1+@)>>1 the bracketed hyperbolic secant term in eqn.131 is effectively unity and the

normalized flux reduces to:
Yu (1+ @)
{1+

This is a modified form of eqn.97 valid for all values of the saturation parameter and represents

v

I

(134)

the titration case designated case VIL. In terms of observed flux we obtain:

KsS
x.D.s” I+ K
fr=—22 M (135)
L 1+D,Z’/L

This kinetic situation pertains when diffusion of substrate through the nanotube layer is slow
and rate determining. We note from eqn.135 that the diffusive flux of substrate through the layer is
modified both by the substrate concentration and by the loss factor.

2.8. The kinetic case diagram

In this paper we have considered two distinct situations. The first refers to the conditions
pertaining when the nanotube layer is conducting. The second refers to the situation when the nanotube
layer is not so conducting. In doing so we have developed the pertinent reaction/diffusion equations for
substrate and redox mediator, and obtained approximate analytical solutions for the latter non-linear
differential equations which refer to various rate limiting situations. These limiting situations are
defined in terms of the specific parameters x, & and y,. Seven main Kinetic limiting cases have been
derived .Cases I-VI are identified for the conducting matrix problem , whereas for the not so
conducting nanotube matrix four cases labeled I, III, V and VII are identified as stemming directly
from the mathematical solution of the reaction-diffusion equations. These cases are outlined in table I
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where expressions for the normalized flux and reaction flux are presented. In table II we present
typical diagnostic criteria by which the correct case may be elucidated in an experimental situation.
We indicate how the reaction flux or current depends (in effect the reaction order) with respect to
changes in a particular experimental parameter such as substrate concentration, mediator
concentration, enzyme loading or layer thickness. The latter may be readily varied experimentally. It is
clear that each case presents a distinct quartet of reaction orders and so it is possible to identify a
particular kinetically limiting case .

We summarize the theoretical results obtained in the paper in terms of a kinetic case diagram.
These diagrams are presented in fig.7 and fig.8. In figure 7 the «, ¥ plane is outlined whereas in fig.8

the orthogonal,x plane is considered. In these figures we include the approximate limiting
expressions for the normalized flux for each particular delineated kinetic case and also present the
pertinent expressions connecting each of the limiting regions. The diagrams serve as a means by which
the results of the detailed mathematical analysis may be conveniently represented in a very concise
manner.

¥ ; \/(275/a2)(a—1n(1+a))

v

/ \PS; %tanh{%}
Vo™iV a

logax

Wi \Vs tanh|:\/}75:|

N . N
e 1(1+a))tanh{(l+a) 2(0,_111(1+0:)J

Albery equation

Figure 7. Kinetic case diagram illustrating the a,Ys plane. The region designated G is the general case
which is represented by the Albery equation.

Albery and co-workers [64] examined the kinetics of bound enzyme systems and suggested that
the general expression for the substrate flux valid for the situation where ), and & are both close to

unity (case G in figure 6) is given (using the present notation) by:

¥, 2 (a-In(1+a)) tanh s (136)
o ( (Lea))t (1+a)\/2(0(—1n(1+0())
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Table 1. Typical expressions forreaction flux derived in text for approximate kinetic cases.

1230

Kinetic Case Normalised Flux Reaction flux f =i/nFA
I Y, =
s70s fe= [ uf je Lis™
\P — 7M M
X -
2{1+¢7'} (k. /K, )K,s"e,L
{1+ M/L}
I N D ,
):
III =
v, _¥ k e L
o f — kce):
z
¥, T 214 PulL
{1+¢7} k
v f _ |
W, = 2% 2k,Dgk ess”
\% p Vs fi=kk,a"e L
N
K = kx,a”e.L
Yu B
¥ D, /L
z {1+§_ } 2{1+ X }
Vvl W, = ’2£ :\/2KAkKSDSeZa°°s°°
K
VII . J/M/J/s1 £ = K Dys™ /L
- z
1+4 14 D,Z’/L

Table 2. Typical diagnostic criteria for immobilized enzyme biosensors.

Case s° ey a” L
I 1 1 0 1
II 1 1/2 0 0
111 0 1 0 1
1V 1/2 1/2 0 0
\" 0 1 1 1
VI 1/2 1/2 12 1/2
VII 1 0 0 -1
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Log x 4

]
W, =k"y,
s 1+ x
Y, =7
K<<l1
a<<l1

Figure 8. Kinetic case diagram illustrating the o, K plane.

We indicate the shape of this expression in figure 7 and figure 8. In fig.7 the variation of
normalized substrate flux with saturation parameter is presented for various values of the substrate
reaction/diffusion parameter. These profiles typically exhibit the Michaelis-Menten biphasic kinetic
behaviour [47]. It is interesting (see fig.7) that the normalized flux is predicted to decrease somewhat
for larger values of & regardless of the value assumed for the substrate reaction diffusion parameter.

The expression outlined in eqn.136 has been applied also to describe amperometric detection in
electroactive polymer thin films where Michaelis-Menten type adduct formation has been proposed to
operate [47,68].. We now briefly consider the Bartlett-Pratt analysis [68] and see how it differs from
the present approach.

The problem of reaction/diffusion of substrate and mediator within an electronically conducting
polymer thin film containing immobilized enzyme molecules has been developed by Bartlett and Pratt
[68]. This analysis has many elements in common with the current model and the reader is referred to
the literature for full details of the analysis [68]. However to aid comparison between the present work
and the Bartlett-Pratt model we provide in table 3 a direct comparison between the characteristic
variables and parameters used in the present work and those alluded to in the Bartlett-Pratt paper.

Once this correspondence is taken into account the governing reaction diffusion equations
developed by Bartlett and Pratt (see eqn.17 and eqn.18 of ref.[ 68]) can be seen to be equivalent to
ours as presented in eqn.19 and eqn.20 of the present work.
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Figure 7. Plot of the Albery equation outlined in eqn.136 . The variation of normalized substrate flux
with saturation parameter is outlined for various fixed values of the substrate reaction/diffusion

parameter ¥ .
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—_—

¥s

80 100

Figure 8. Plot of the Albery equation outlined in eqn.136 . The variation of normalized substrate flux
with substrate reaction/diffusion parameter p; is outlined for various fixed values of the saturation

parameter « .

Table 3. Direct comparison between Lyons and Bartlett-Pratt Models.

Present work Bartlett-Pratt Model [68]

u s

v a

4 4

a U

K 7

1, e

o Yo 7

Vs
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Bartlett and Pratt consider the case where the redox mediator is entrapped within the

conducting polymer film (a case (i) scenario in the Bartlett-Pratt lexicon). This necessitates the use of
slightly different boundary conditions at the film/solution interface corresponding to ¥ =1 . In such a

dy

to the situation encountered for a redox hydrogel based biosensor. In contrast we have assumed that the

o : o : : dv L :
situation mediator entrapment implies that (in our notation). {—J =0. This will possibly correspond
1

oxidized form of the mediator is present in the bulk solution (corresponding to a case (i1) scenario in
Bartlett-Pratt terminology). In contrast if the reduced form of the mediator is present in the bulk
solution (such as is the situation when a substituted ferrocene species is used as redox mediator,

labeled scenario (iii) by Bartlett and Pratt) and partitions into the film then the oxidized mediator
concentration will be zero at the outer surface of the modified electrode and 1-v, =0 or v, =1 at

4 =1. Bartlett and Pratt [68] also assumed that the relationship between the oxidized and reduced

mediator concentration at the inner electrode/film interface is given by the Nernst equation. Instead we
have proposed that mediator transformation at the underlying support electrode in given by the
irreversible form of the Butler-Volmer equation.

We have considered seven distinct situations in the present paper. In all of these circumstances
it is assumed that all the mediator and all the substrate diffusing into the film are consumed by the
enzyme catalyzed reaction so that the concentration of substrate at the inner electrode surface and the
concentration of reduced mediator at the outer film/solution interface are both zero. Bartlett and Pratt
[68] have noted that this may not necessarily be the case. Two further cases may well exist in which
either all the mediator or all the substrate is consumed within the film (see fig,3 in reference [68]). We
do not consider these possibilities in the present paper.

3. CONCLUSIONS

In this paper we have presented a uniform model to describe substrate and redox mediator
reaction kinetics and diffusion within a dispersed enzyme loaded carbon nanotube film of finite
thickness. The pertinent reaction diffusion equations have been formulated, the pertinent boundary
conditions appropriate to the situation where a redox mediator in its oxidized form is present in the
solution adjacent to the enzyme film have been formulated, and approximate analytical expressions for
the reaction flux obtained both for the situation when the film is conducting and when the film is less
conducting. A series of distinct kinetic cases have been developed, and a prediction is made for the
way in which the observed reaction flux (proportional to the steady state current) varies with changes
in substrate and mediator concentration, with enzyme loading and with film thickness for each of these
particular approximate cases. The mathematical analysis has been summarized in terms of kinetic case
diagrams.

In the final paper in this trilogy we shall extend the theoretical analysis presented here to the
more complex redox enzyme/metal nanoparticle/carbon nanotube systems.
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